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Abstract

As the foundation of the nation’s information infrastructure, data centers have been grow-
ing rapidly in both number and capacity to meet the increasing demands for highly-
responsive computing and massive storage. Data center energy consumption doubled from
2000 to 2006, reaching a value of 60 TWh/year (Tera Watt hour / year). Coupled with
increasing power and cooling demands imposed by the Moore’s law and with the quest for
high density data centers, this trend has been rapidly raising the energy cost associated

with data centers.

Data centers are large cyber-physical systems (CPSs) with hundreds of variables that
can be measured and controlled. Dynamics of the controlled processes span multiple time
scales: electricity costs can fluctuate hourly, temperatures evolve in the order of minutes,
and CPU power states can be changed as frequent as milliseconds. Processes also differ in
the spatial areas they influence: computer room air conditioners (CRAC) affect the inlet
air temperatures of multiple servers, whereas CPU power states affect only single servers.
The large number of constraints and their heterogeneity in nature make data center control

a challenging research problem.

This dissertation considers data centers as CPSs, with a focus on run-time management
and operating costs. The proposed modeling framework explicitly captures the cyber-
physical nature of data centers and allows the development of models that represent both
the computational and the thermal characteristics of a data center, as well as their in-
teractions. The proposed control strategy attempts to manage both the computational
and the thermal characteristics of a data center. The control strategy is based on a hier-
archical/distributed control architecture that takes advantage of the modularity typically
found in data centers. The hierarchy constitutes of three control levels. The lower levels of
the hierarchy deal with fast dynamic processes, while the higher levels deal with the bulk

thermal management and the coordination of the controllers at the lower levels. The focus
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of this dissertation is on controllers at the highest level of the hierarchy, which we call data
center level. Three controllers are proposed for the data center level. Each controller takes
advantage of the thermal-computational model in a different way. The performances of
the controllers are compared in simulation under a variety of scenarios.

In the dissertation, it is shown that every data center has operating regimes for which
simple control strategies can be as optimal as advanced ones that consider current and
future, i.e., estimated, evolutions of the data center. The dissertation also discusses the
existence of data center cases for which simple control strategies are always as optimal as
advanced ones, regardless of the operating regime. An index, called the cyber-physical index
(CPI) is proposed to provide a priori estimates of the savings that can be gained when
using advanced control strategies that consider the coupling between the computational
and the thermal characteristics of a data center, rather than simpler control strategies
that do not account for this coupling. A possible interaction between data centers and
the power-grid is also discussed. The interaction with the power-grid is designed so that
data center controllers can take advantage of a time-varying electricity price. Finally, some
results about the interactions between the controllers at the lower levels of the hierarchy

and the controller at the data center level are discussed.
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Chapter 1

Introduction

Data centers are large facilities hosting massive numbers of servers and the associated
support infrastructure. Servers can be used for several purposes, including interactive
computation, batch computation, and real-time transaction. Data centers can be seen
as a composition of information technology (IT) systems and the support infrastructure.
The IT systems provide services to the end users and the support infrastructure supports
the IT systems by supplying power and cooling. The IT systems include servers, storage
devices, networking devices, middleware and software stacks, e.g., hypervisors, operating
systems, and applications. The support infrastructure includes backup power generators,
uninterruptible power supplies (UPSs), power distribution units (PDUs), batteries and the
cooling technology (CT) systems. The CT systems include server fans, computer room air
conditioners (CRACs), chillers, and cooling towers [13, 15, 21, 54, 57, 77].

Figures 1.1 and 1.2 show two examples of data centers. The data center in Fig. 1.1, a
Facebook data center located in North Carolina, USA, is an example of a large-scale data
center, where the number of servers is of the order of tens of thousands. The data center in
Fig. 1.2 is an example of a medium-size data center, where the number of servers is of the
order of thousand or less. This data center, located at the Parallel Data Laboratory (PDL)*

of Carnegie Mellon University, Pittsburgh, PA, USA, is constructed following a modular

http://www.pdl.cmu.edu/.
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Figure 1.1: Aerial view of the Facebook data center in North Carolina, USA. The facility
occupies an area of approximately 300,000 ft* [43].

Figure 1.2: Zone 1 and zone 2, respectively on the left and on the right side of the picture,
of the data center located at the Parallel Data Laboratory of Carnegie Mellon University,
Pittsburgh, PA.

architecture. In a modular architecture, IT systems and the support infrastructure are
grouped into multiple and independent zones. Every zone contains its own [T systems and
support infrastructure. A modular architecture allows a reduction of the initial costs for
building the data center and it also provides redundancy of power and cooling resources
by design. Figure 1.3 shows the modular approach proposed by Sun Microsystems, Inc.
In contrast to the approach used in the data center at Carnegie Mellon University, the

modular approach to the data center construction proposed by Sun does not require a



Figure 1.3: Modular data center approach proposed by Sun Microsystems, Inc.

physical building to operate and hence, it further reduces the initial costs to build a data
center.

In general, the goal of the data center operators is the maximization of the data center
efficiency, subject to a set of operational constrains and to constraints on the reliability
and on the availability of the provided services. The large number of constraints and their
heterogeneity in nature, e.g., some constraints may be related to physical constraints of the
data center subsystems and others may be related to software (cyber) constraints, make
data center control a cumbersome task and a challenging research problem. We believe
that control algorithms based on cyber-physical models of data centers can improve current
control strategies by leveraging information about how the workload distribution affects
the overall power consumption and the quality of service (QoS) provided to the users.

The following section discusses the trends in data center growth. Section 1.2 presents
a classification of data centers based on the expected availability of power and cooling
they can provide to the IT systems. Section 1.3 discusses an approach to quantify the
contribution of different elements to the run-time cost of operating a data center. Sec-
tion 1.4 discusses the constraints typically considered in data center control problems with
a particular focus on the bounds on the temperature and humidity of the air at the inlet of

IT systems. Section 1.5 discusses the factors that make data center control a challenging
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Figure 1.4: Data center spending trend from 1996 till 2010 [66].
research problem. Finally, Sec. 1.6 summarizes the contributions of this dissertation.

1.1 Trends in data center growth

The number of data centers is rapidly growing throughout the world, fueled by the in-
creasing demand for remote storage and cloud computing services. Figure 1.4 shows the
increase in data center expenditures for power, cooling, and new servers from 1996 until
2010. Along with the increase in the data center number, the yearly energy consumption
has also increased. A report of the U.S. Environmental Protection Agency (EPA) shows
that the average annual energy consumption of data centers in US doubled from 2000 to
2006, reaching a value of 60 TWh/yr (terawatt hour/year) [74]. Estimated future yearly
energy consumption values are shown in Fig. 1.5 [14].

Recent research in the development in the powering and cooling infrastructures for data
centers has allowed a drastic increase in the efficiency at which data centers operate. For
example, the power consumed by non-IT devices in some data centers operated by Google

Inc. accounts for less than 15% of the total data center power consumption.? Nevertheless,

Zhttp://www.google.com/about/datacenters/inside/efficiency/power-usage.html .
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Figure 1.5: Expected yearly energy consumption of data centers in US and over the
world [14]. Data after 2005 are predicted values.

modern and extremely efficient data centers are a minority in the global panorama of
data centers and the development of software approaches toward the maximization of their

efficiency is crucial.

Computational density has also been increasing over the years. Figure 1.6 shows the
measured and the expected growth of the power consumption density in data center equip-
ment from 1994 until 2014 [56]. Such a growth impacts data center cooling operations
at every scale, from transistors on integrated circuits (ICs), to servers in racks, to racks
in a room, leading to nearly equal costs for operating the IT systems and the CT sys-
tems [53, 61]. Available cooling capacity has in some cases become the limiting factor for

the computational capacity [68].

The increasing demand for cloud computing applications does not explain by itself the
large increase in the number of data centers. The development of a cloud infrastructure
based on spatially distributed servers which interact over high speed networks is conceiv-
able. There are however, at least three major points that make a data-center-based solution

preferable to a solution in which servers are spatially distributed:
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e [t is easier to maintain a massive number of servers when they are physically col-
located, e.g., the Facebook’s data center shown in Fig. 1.1 will be managed by less

than 50 employees [43].

e When servers are collocated, it is possible to interconnect them with low delay and
high bandwidth networks. Reducing the communication delay among servers can

reduce the overall delay experienced by the end users, which typically improves the

overall QoS.

e When servers are collocated, it is possible to guarantee a high level of data security
and privacy. Aside from software security applications, physical barriers and anti-

intrusion systems can be installed to prevent unauthorized access [59].

The fast trend at which their energy consumption has increased sets data centers apart
from other electricity consumers. In 2007, a report of the EPA estimated that data center

efficiency could be drastically improved if state-of-the art control techniques were em-
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ployed [74]. Figure 1.7 shows multiple predicted growths of the yearly energy consumption
of data centers, based on different approaches to the maximization of the data center energy

efficiency. The report appeared in 2007 and refers to data collected up to 2006.

1.2 Uptime requirements for data centers

A metric often related with cloud computing is the expected availability of the services.
It is common practice in industry to approximate such a metric with the annual uptime
percentage, defined (a posteriori) as the ratio of the amount of time that a service was active
over the whole year. For example, the Amazon Elastic Compute Cloud (EC2) service level
agreement (SLA) states:?

“[...] If the Annual Uptime Percentage for a customer drops below 99.95% for

the Service Year, that customer is eligible to receive |...]”
Providing an a priori estimation of the annual uptime percentage is often impractical, since
its value depends on both the availability of computational and power resources and on the

whole software stack. It is often simpler to provide an upper bound on the annual uptime

3http://aws.amazon.com/ec2-sla/ .
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percentage. For example, the availability of powering and cooling resources sets an upper
bound on the annual uptime percentage. Therefore, a classification of the data centers
based on the expected availability of power and cooling resources gives an indication to the
service providers of the maximum uptime percentage that they can guarantee to the users.
The Telecommunication Industry Association (TIA) recognizes four data center tiers [1].
Tiers are numbered from 1 to 4, where higher numbers are associated with higher expected
availability of powering and cooling. For example, a tier 1 data center is supposed to have
an expected average annual downtime of 28.8 hours, which implies 99.671% availability of
power and cooling. A tier 4 data center has an expected average annual downtime of 0.4

hours, which implies 99.995% availability of power and cooling [67].

1.3 Run-time cost of data centers

In 2008, James Hamilton proposed an approach to quantify the contributions of different
elements to the run-time cost of a data center [30].* Software licensing and employee
costs were not considered in his analysis, since they vary widely among data centers.
Furthermore, data centers typically rely on open source and free software to manage the

provided services.

Figure 1.8 shows the breakdown of the data center run-time costs based on the Hamil-
ton’s analysis. Table 1.1 shows the values of the parameters used in the analysis. Server
cost represents the average monthly cost to replace servers and is the largest cost of oper-
ating a data center. The second largest cost, power distribution and cooling, represents the
cost for creating the infrastructure to distribute power among the servers and to control the
environment where servers operate. The cost of powering a data center, powering cost, is
the third largest cost for data centers and it accounts for 13% of the total average monthly

cost. The cost for the network infrastructure and the cost of infrastructure amortization,

4James Hamilton is vice president and distinguished engineer on the Amazon Web Services (AWS)
team http://www.mvdirona.com/jrh/work/ .
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$474 k ® Networking equipment 8%
Power distribution and cooling 18%
@ Powering cost 13%
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$626 k @ Total: 3.5 M$
$300 k

Figure 1.8: Average monthly data center operating costs. Analysis based on the approach
proposed by J. Hamilton [30].

Table 1.1: Data used to compute the average monthly data center operating costs shown
in Fig. 1.8.

Facility size 8§ MW
Cost of power 0.07 $/kWh
Cost per critical watt 9 $§/W
Facility amortization period 10 year
Cost per server 1,450.00 $
Server amortization period 3 year
Network equipment amortization period 4  year
Annual cost of money 5 %
Average critical load usage 80 %
Total power consumption over server 1.45

power consumption, i.e., PUE

Percentage of infrastructure that accounts 82 %
for power and cooling

respectively, network equipment and other infrastructure costs, account for 12% of the total
average monthly cost.

Although the cost of powering a data center is not the largest one, there are at least
four points which make research on maximizing the efficiency of data centers extremely
relevant for data center managers:

e The electricity cost is expected to increase over time, whereas the cost of servers is



expected to decrease.

e The cost of creating the power and the cooling infrastructure depends on the maxi-
mum amount of electrical power consumed by the data center. Therefore, reducing
the data center’s peak power consumption reduces the cost of creating the physical

infrastructure for powering and cooling.
e The peak power consumption of servers is expected to increase over time.

¢ Depending on the data center characteristics, the impact of maximizing its operating
efficiency on the overall electricity consumption may be very large or negligible.
However, even considering the case where only 3% of the average monthly electricity
cost would be reduced for the case shown in Fig. 1.8, the electricity cost reduction
would be of $14,220 per month. If we consider the “state of the art scenario” discussed
in the EPA report [74], then the average energy reduction is about 70%, which implies

a reduction in the powering cost of $331,000 per month.

1.4 Constraints in data center control

The large number of constraints that data center control algorithms have to enforce is due
to multiple and heterogeneous factors. For example, the capacity of the power lines and
the availability of cooling resources may bound the maximum amount of workload that can
be executed in certain areas of the data center. Software licensing and data availability

may also set constraints on which servers can execute certain kinds of workload.

Typically, the control constraints widely vary from one data center to another. An
exception, in the case of air cooled data centers, is given by the constraints on the tem-
perature and the humidity of air at the inlet of I'T systems. Air is by far the most widely
used medium for removing heat from IT systems. Although liquid cooling is a promising
technology, particularly for high-density data centers, high installation costs and safety

concerns have prevented the proliferation of this technology [32, 41]. Constraints on the
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Table 1.2: ASHRAE recommendations in 2004 and in 2008. RH stands for relative humid-
ity and DP stands for dew point.

Recommendation in 2004 [4] Recommendation in 2008 [5]

Low-end temperature 20 °C 18 °C
High-end temperature 25 °C 27 °C
Low-end moisture 40 %RH 5.5 °C (DP)
High-end moisture 55 %RH 69 % RH and 15 °C (DP)

inlet air impose limits on both the temperature and on the humidity of the air. If the
air is too dry, static discharge can be generated among internal server components. On
the other hand, if the air is too humid, moisture can be deposited on some areas of the
servers. Bounds on the air temperature are set to prevent overheating of server com-
ponents. In 2004, the American Society of Heating, Refrigerating and Air-conditioning
Engineers (ASHRAE) defined limits on the humidity and temperature of the inlet air for
IT systems [4]. The limits were relaxed in 2008 in order to allow cooling control algorithms
to increase the CT efficiency [5]. Table 1.2 shows a comparison between the 2004 and the

2008 recommended environmental conditions for data centers.

1.5 Issues in data center control

The goal of data center control algorithms is the maximization of the data center perfor-
mance with respect to a given metric. In contrast to the usual focus on closed-loop stability
in control system design, here the focus is on the maximization of the given performance
metric. Since data center control algorithms do not attempt to stabilize the state of the
data center around a reference value, analysis and modeling of the data center around a
given equilibrium point tend to be inappropriate and unimportant.

Data centers are large-scale systems. The number of state variables ranges in the order
of ten of thousands for a medium-size data center. The number of sensors and actuators

can also range in the order of thousands. As we later discuss, it is often the case that CPU
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temperatures and the amount of resources used in every server are part of a data center’s
state. If we only consider one CPU per server, one type of resource per server, and we
examine the case of a medium-size data center, then the dimension of the state vector is
about a few thousand elements. The large dimensionality of the system impacts both the
synthesis of the control law and the estimation of the parameters for the model used by
the controllers (if a model is used).

Data centers are also cyber-physical systems (CPSs). Both how and where the workload
is executed affect the total energy consumption. The way workload is executed (how)
impacts the efficiency at which IT operates. The location where the workload is executed
(where) impacts the efficiency at which CT operates. The coupling between the cyber and
the physical aspects is apparent at every scale in a data center, and the manipulation of
one control variable can have unexpected and detrimental effects on multiple subsystems.

Processes in data centers span multiple time-scales, e.g., they range from few millisec-
onds at the CPU level to hours at the bulk thermal level. Furthermore, most processes are
stochastic in nature. For example the workload arrival and its processing time are uncer-
tain processes that drive almost all other data center operations, e.g., power consumption
of the IT systems and the QoS provided to users.

Finally, we observe that no widely accepted model is available for data centers. Compar-
ing different control algorithms is often impossible and the implementation of the proposed
control algorithms on small testbeds is generally the only viable approach for demonstrat-
ing the performance of a proposed algorithm. Furthermore, the lack of publicly available

data about data centers makes the development of models and simulators an arduous task.

1.6 Contributions of the dissertation

The contributions of this dissertation are:
¢ A modeling framework for data centers. The proposed framework facilitates the

development of both simulation-oriented and control-oriented models of data centers.
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e A collection of models that show how the proposed framework can be used in a

variety of different data center cases.

e A control strategy that takes advantage of the modularity typically found in data

centers.

e A collection of algorithms for controlling data centers at different time-scales. While
we initially develop a control model to describe data center dynamics from a fine
time-scale of few seconds till the slowest processes evolving over multiple hours, the
main focus of this dissertation is on algorithms for controlling data centers at the

higher level (slower time scale).

e A collection of routines, written in MATLAB, to simulate the behavior of a data
center based on the proposed modeling framework. The simulator is used in this dis-
sertation to compare the performance of different control algorithms under a variety

of scenarios.

1.7 Dissertation organization

The following chapter reviews relevant work in data center control. The work is classified on
the spatial-scale focus of the control algorithms. Chapter 3 discusses a modeling framework
for data centers. This chapter also discusses a possible model for data centers and a
mathematical formulation of the data center control problem. Chapter 4 discusses the
proposed approach for controlling a data center. Three control algorithms are introduced
in Chapter 4. The three algorithms rely on data center models in different ways. Chapter 5
compares the performance obtained by the three control algorithms under multiple data
center scenarios. Chapter 6 discusses a possible interaction between a data center and
the power-grid. Chapter 7 discusses a control algorithm for groups of collocated servers.
The proposed control algorithm focuses on the management of the ON and OFF states of

the servers. Chapter 8 discusses some results about the effects of model mismatches on a
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hierarchical control approach for data centers. Finally, we present the conclusions of this

dissertation and discuss future work in Chapter 9.
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Chapter 2

Literature review

This chapter reviews previous work on data center control. We group previous work based
on the spatial scale to which the control algorithms apply. Three scales are considered:
server level, group level, and data center level. At every level, controllers can base their
control actions considering only the state of the local controlled subsystem, or they can
take into consideration the effects on other subsystems. In the first case, the controller acts
based on a local view of the system, whereas in the second case the controller acts based
on a global view of the system. Control approaches are classified based on the scale of the
controlled subsystem. For example, a controller at the server level manages the operations
of a single server, even though the way the control actions are chosen may derive from a

global-view of the data center.

2.1 Control at the server level

At this level, a large piece of research work has been focusing on controlling the power
consumption of central processing units (CPUs) [2, 9, 19, 20, 25, 26, 33, 35, 45]. As in
every complementary metal-oxide-semiconductor (CMOS) circuit, the power consumption
of a CPU can be divided between its static part and its dynamic part. In a CMOS
circuit, the static power consumption is due to leakage currents, whereas the dynamic

power consumption is due to movements of the electric charge, induced by variations in
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the logic states of the circuit’s gates [80]. As the size of the CMOS circuit shrinks, the
static power consumption tends to increase. The dynamic power consumption increases
with the voltage and the frequency at which the circuit operates. We first consider the
dynamic energy consumption of a CMOS circuit. The dynamic energy consumption of a

CMOS circuit can be approximated as

E=0,V? (2.1)

where V' is the voltage at which the circuit operates and C} is a coefficient whose value
depends on the physical characteristics of the circuit [40]. The relationship between the
maximum frequency f at which the circuit can operate and the voltage V' can be approx-
imated as

V-V

where V; is the threshold voltage and (5 is a coefficient whose value depends on the
physical characteristics of the circuit [40]. The operating voltage V' must be greater than
the threshold voltage V;. From (2.1) it can be seen that reducing the operating voltage of a
CMOS circuit reduces its dynamic energy consumption. However, the processing frequency
also has to be reduced (2.2). The sole control of the frequency f affects the average power

consumption of the CMOS circuit, but it does not affect the overall energy consumption.

Dynamic voltage and frequency scaling (DVFS) techniques attempt to modify the op-
erating voltage and the processing frequency of CPUs based on the computational demand.
DVFS techniques have been already implemented in many operating systems. For example,
the CPU governors in Linux systems reduce the server power consumption while provid-
ing computational resources when required. Varma et al. [75] discuss a control-theoretic
approach to DVFS. Cho et al. [19] discuss a control algorithm that varies both the clock

frequency of a microprocessor and the clock frequency of the memory.
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In order to minimize static power consumption of CPUs, techniques other than DVFS
have to be used. One of these is gating, i.e., the zeroing of circuit voltage supply as

discussed in the work of Leverich et al. [38].

2.2 Control at the group level

At the group level, the focus is on the control of groups of collocated servers. Management
of server states, e.g., the ON and OFF state of every server, and migration of the virtual
machine (VMs) are the control “knobs” typically considered at this level. An idle server
consumes about 60% of its peak power consumption and, in the average, operates between
10% and 50% of its maximum utilization [10, 23, 31, 37]. In order to maximize the efficiency
of the group, it would be desirable to operate the active servers at 100% of their maximum
utilization and to turn off the unused ones. The main problem with such an approach is
the time required to turn a server back on. Such a time, often called setup time, is of the
order of the minutes and it is typically too large for interactive workload [2, 25].

Padala et al. [47] propose a control algorithm to allocate IT resources among servers
when these are divided among different tiers. Gandhi et al. [25, 26] focus on workload
scheduling policies and control of the transitions between the OFF and ON state of servers,
as a means to minimize the average response time of a data center given a certain power
budget. Wang et al. [78] propose a model predictive controller to minimize the total power
consumption of the servers in an enclosure, subject to a given set of QoS constraints. The
proposed feedback control algorithm manages the voltage and frequency of every CPU of
every server and the migration of VMs among the servers in the enclosure. Chen et al. [16]
discuss a server provision and load balancing algorithm that minimize the total server
power consumption, with negligible impact to the QoS. The proposed controller is allowed
to turn servers on and off and to change also the workload allocation among servers. The
authors discuss a linear model that relates the expected average CPU utilization over a

time interval, with the total number of active connection, and with the server and the login
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rate.

Tolia et al. [72] discuss a model-based control approach for coordinated workload per-
formance, server power and thermal management of a server enclosure, where a set of
blade servers shares the cooling capacity of a set of fans. The fans are controlled through a
multi-input multi-output (MIMO) controller in order to minimize the aggregate power of
the fans, while the location-dependent cooling efficiency of the fans is exploited so that the
decisions of workload migration can result in least total server and fan power consumption.

Other authors have been working on the development of new IT architectures at the
group level so as to maximize the efficiency of the group for certain classes of workload.
For example, Vasudevan et al. discuss an architecture based on fast array of wimpy nodes
(FAWN) [6, 76]. The goal of the proposed architecture is the maximization of the number
of queries per joule. Authors focus on read-intensive workloads and on large-scale data-
analysis. Via the development of ad hoc software algorithms for parallel sorting and data

analysis, the authors are able to reduce the energy spent on massive data analysis by more

than 50% [58).

2.3 Control at the data center level

At the data center level, the focus of control algorithms is on the resources shared by
multiple IT systems such as cooling and powering. At this level, it is often the case that
controllers generate set points for lower-level controllers, rather than directly manipulating
the actual control variables. Aggregated views of the data center subsystems are typically
employed at this level.

There are at least two reasons that make a data-center-wide control approach necessary.
The first reason is that the workload may have to be migrated to servers that belong to
different groups. The other reason is that power and cooling capacity has to be shared
throughout the data center. For example, the cooling capacity in a raised-floor air-cooled

data center can be generated by a chiller plant, distributed to the I'T systems through a
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set of CRAC units, the common plenum under the floor, and the open space above the
floor. Sharing the capacity makes the cooling management a data center level control
problem [11, 12, 24].

Quershi et al. [60] discuss the savings that can be achieved by migrating workload to
the data centers locations where the electricity cost is at its minimum. A similar problem
is considered in the work of Rao et al. [62]. Tang et al. [69] discuss a control algorithm
that allocates the workload among servers so as to minimize their peak inlet temperatures.
This approach reduces the cooling power consumption by maximizing the efficiency of the
cooling system.

Bash et al. [12] discuss a control algorithm that aims at maximizing the efficiency of
the cooling infrastructure, while enforcing the thermal constraints of the IT. A network
of temperature sensors are used to collect thermal data about the servers. Anderson et
al. [7] consider a MIMO robust control approach for managing CT. The authors discuss
how a MIMO robust control approach can offer large improvement in the efficiency of
the CT with respect to other single-input single-output (SISO) control techniques such as
proportional-integral (PI) controllers. Chen et al. [17] propose a holistic workload, power
and cooling management framework in virtualized data centers through exploration of the
location-dependent cooling efficiency in the data center level. Workload migration and
consolidation through virtual machine (VM) migration is taken as the main approach for
active power management. On the thermal side, the rack inlet temperatures are under
active control of a cooling controller. The controller dynamically tunes the cooling air flow
rates and temperatures from the CRAC units, in response to the “hot-spots” of the data
center. On the cyber side, the authors consider multi-tier I'T applications or workloads

hosted in VMs that can span multiple servers, and be able to migrate VMs.

The control strategy discussed in this dissertation covers the control aspects considered

by the algorithms in the group level and in the data center level. The proposed strategy
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can also be extended to cover the aspects considered by the controllers at the server level.
Similarly to the work of Quershi et al. [60] and Rao et al. [62], we consider the cost of
powering the data center. The focus of this dissertation, however, is on the control of
a single data center and hence, the workload that is not executed in the data center is
dropped.

Our approach closely aligns with the work of Chen et al. [17]. The goal of the proposed
control strategy is to consider the efficiency of I'T and CT in the same optimization problem
and to find the best trade-off between the cost of powering the data center and the revenue
obtained by executing the workload with a certain QoS. The major difference from the work
of Chen et al. [17], is the thermal predictive model of the data center considered in our
proposed control approach. The thermal predictive model allows a preemptive over-cooling
of the data center so as to take advantage of a time-varying electricity price. Furthermore,
the effects of the external environment can be included in the prediction of the thermal

dynamic model of the data center.
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Chapter 3

Data center modeling

The control problem tackled in this dissertation can be stated as:

Given a data center, a performance metric, and a collection of constraints,
find a control law that maximizes the performance of the data center, while

enforcing the given constraints.

The first difficulty that arises in this context is the mathematical formulation of the control
problem. This chapter discusses the modeling framework we propose in order to formu-
late the data center control problem; the following chapter discusses the proposed control

approach.

The chapter is organized as follows. The following section discusses the proposed mod-
eling framework. Section 3.2 introduces the notation for vectors and matrices used in the
rest of the dissertation. Section 3.3 discusses how different elements of the data center can
be represented within the proposed modeling framework. Section 3.4 collects the equa-
tions representing different elements of the data center and discusses the dynamics of the
whole systems. Section 3.5 discusses a formulation of the data center control problem with
respect to the proposed model. At the end of the chapter, Sec. 3.6, discusses possible

extensions of the model.
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3.1 A modeling framework for data centers

We propose to represent a data center as two coupled networks, as illustrated in Fig. 3.1.
One network describes the process of data exchange within the data center and between
the data center and the external users. This network is called computational network.
The second network describes the energy exchange within the data center and between the
data center and the external environment. This network is called thermal network. We call
the components of the computational network computational nodes and the components
of the thermal network thermal nodes. Computational nodes represent computational
resources of the data center. For example, a virtual machine (VM) can be represented as a
computational node, a software program responsible for handling HT'TP requests can also
be modeled as a computational node. If we only focus on the computational characteristics
of IT systems, then we can represent them as pure computational nodes. Thermal nodes
represent the physical elements of the data center, e.g., the silicon die over which a CPU

core is implemented, or the hardware resources of a server.

Nodes are connected by directional links. A link from one computational node to
another computational node represents the possibility for the first node to transfer data
to the second one. A link from one thermal node to another thermal node represents the
possibility for the first node to transfer energy to the second one. Links between the nodes

of the two networks represent constraints on the dynamic evolution of the two nodes.

Nodes in the two networks communicate with the external environment. Nodes in
the computational network receive from and send data to the external environment. The
flow of data within the computational network and between the computational network
and the external environment is called workload. Emnergy is exchanged among the nodes
of the thermal network and between the nodes of the thermal network and the external
environment. For example, electricity flows from the power-grid to the devices in the data

center.

22



Computational network

Workload

AN/ V4

Energy /

Thermal network

Figure 3.1: Networked model representation of a data center.

The proposed modeling framework highlights two properties of a data center that we

believe are crucial for developing more efficient control algorithms:

e The cyber-physical nature of data centers. On the one hand, this point is explicitly
captured by the division of data center’s devices between computational and thermal
nodes. On the other hand, this point is explicitly captured by the links that connect

the computational and the thermal nodes.

¢ The networked nature of data centers. The computational and the thermal networks
explicitly capture the fact that data centers are composed by a multitude of elements,

which collectively operate in order to provide services to the users.

The first point allows the development of control strategies which focus on both the com-
putational characteristics and the thermal characteristics of a data center. Controllers can
now rely on unified, thermal-computational models of data centers and can take advantage
of the additional information about how the computational and the thermal characteris-
tics of different devices interact. The second point allows the development of distributed
control strategies, where multiple algorithms, each controlling only a part of the data cen-
ter, collaborate in order to maximize the global performance while enforcing the given
constraints. The relevant feature of a distributed architecture is that it can reduce the
complexity of a control algorithm that manages both the computational and the thermal

characteristics of a data center.
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3.2 Notation for vectors and matrices

In this dissertation, vectors are denoted with bold letters and matrices are denoted with
capital letters. With 1 we denote the column vector whose elements are all 1. With 0 we
denote the column vector whose elements are all 0. Let & be a NV x 1 vector. With z; we
denote the " element of the vector . Let & and y be two N x 1 vectors. We say that
x <yifz; <y foralie{l,... N} With diag{x} we denote the N x N diagonal
matrix obtained by placing the elements of the vector & along the main diagonal. Let x
be a N x 1 vector and Z be a finite set of ordered indexes whose values ranges between 1
and N. With Z; we denote the j element of the set Z and with |Z| we denote the number
of elements in Z. With @z we denote the |Z| x 1 vector, in which the j* element of x7 is

T

the element in the I;h position of the vector @. For example, if x = [a b ¢ d 61 and
T

7= {2,3,5}, then x7 = [b c e:| .

With I we denote the identity matrix. Let X be a square matrix. With diagp{X;y}
we denote the square block-diagonal matrix obtained by repeating the matrix X along the
diagonal blocks y times. Let A be a N x M matrix and Z; and Z, be two sets of ordered
indexes such that, indexes in Z; range between 1 and N and indexes in Z, range between
1 and M. With Az, 7,) we denote the |Z;| x |Z,| matrix, in which the element in position

(4,7) is the element in position (Z;,Z,;) of the original matrix A. For example, if

a b c
A=
d e f
and Z; = {1,2} and Z, = {2}, then
A1) = {d e} .
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3.3 An example of data center modeling

This section discusses how to derive a model of a data center within the proposed frame-
work. In this example, computational nodes represent VMs and thermal nodes represent
IT systems and the support systems. CRAC units are modeled as pure thermal nodes,
i.e., we neglect the computational characteristics of the controllers embedded in the CRAC
units. Other elements such as routers, switches, or storage units are treated as uncontrol-
lable heat sources and modeled as pure thermal nodes. The model focuses on the case of
air-cooled data centers. Data centers based on liquid-cooling can still be modeled using
the proposed framework, but they may require a different model of heat exchange among
the data center devices.

In the following, the letter 7 is the continuous-time variable and we consider 7 € R.}
For the sake of an uncluttered discussion of the model, this model assumes that the number
of nodes in the two networks is constant. The case where the number of nodes changes
over time can be described, but it requires a more cumbersome notation.

Let V' be the number of computational nodes, i.e., the number of virtual machines
(VMs) allocated in the data center. We denote with V the set of indexes of the com-
putational nodes, i.e., V = {1,...,V}. Since every VM is univocally associated with a
computational node, we address the VM represented by the " computational node as
the i® VM. Thermal nodes are divided into three classes: server, CRAC, and environ-
ment. Environment nodes represent those entities that affect the heat exchanged among
CRAC units and servers, but that cannot be directly controlled. For example, servers over
which no control can be imposed are environment nodes. Uninterruptible power supplies
(UPSs), power distribution units (PDUs), switches and other network and support devices
are considered here as uncontrollable elements and modeled as environment nodes. The

environment surrounding the data center is also modeled as an environment node and

IWith R we denote the set of real numbers.
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hence, the heat exchanged between the data center and the environment is represented as
heat exchanged among the nodes of the thermal network.

With N we denote the number of server nodes, with C' we denote the number of CRAC
nodes and with £ we denote the number of environment nodes. The letter M is used
to denote the total number of thermal nodes, i.e., M = N + E + C. Thermal nodes
are ordered. Indexes from 1 to N represent thermal server nodes, indexes from N + 1 to
N + C represent CRAC nodes, and indexes from N + C'+ 1 to M represent environment
nodes. We also define the sets of indexes N = {1,..., N}, C={N+1,..., N+ C}, and
E={N+C+1,...,M}. Since every server is univocally associated with a thermal node,
we address the server represented by the i'" server node as the i'* server. Similarly, we
address the CRAC unit represented by the i CRAC node as the i CRAC unit. Note
that the i'® CRAC node has index N + i. We also address the generic device represented

by the i*" thermal node as the i*" device.

3.3.1 Modeling the heat exchange within the thermal network

In air cooled data centers, air flows into a device through the inlets, it exchanges heat with
the device’s internal component, and then it exits the device through the outlets. Fans
force the air to move from the inlets to the outlets. We consider the case where every
device has one inlet, one outlet, and one fan. The extension to the multiple inlets, outlets,
or fans case is possible, but it requires a more complex notation.

Let f;(7) (Kg/s) be the rate at which air flows into and out from the i device at time
7. Every device exchanges heat with the air and all air flows are greater than 0. The
temperature of the air flowing into the " device is called the input temperature of the it
thermal node and its value at time 7 is denoted with T}, ;(7) (K).? The temperature of the
air flowing out from the i"* device is called the output temperature of the i thermal node

and its value at time 7 is denoted with Tou;(7) (K).

2With (K) we denote the Kelvin unit of measurement.
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If we neglect the variations in the pressure of the air, then the amount of heat entering

the i thermal node over the interval [r,7 + h) is

/ T R (De dt. (3.1)

where h is a nonnegative real number and ¢, (J/ (Kg K)) is the specific heat of the air at
ambient pressure. The amount of heat leaving the i* thermal node over the same interval
is

/ O (B, dt. (3.2)

According to the model proposed by Tang et al. [70], the airflow moving into the it
device at time 7 is the composition of the flows coming from the other devices and from
the i*" device itself. The model also assumes that heat exchanged within the data center
is solely due to the air movement. Other forms of heat transfer, such as radiation and
conduction, are neglected. Let 7, ;(7) be the relative amount of air that moves from the

4™ device to the i’ one at time 7. For all i € {1,..., M}, we can write

fi(r) = Z%,j(T)fj(T)- (3.3)

The coefficients {7;;(7)} represent the relative amount of air that recirculates from
the outlet of the i'® device to its own inlet at time 7. Figure 3.2 provides a graphical

representation of the recirculation model.

Over the interval [7, 7 + h), the total amount of heat received by the 7" thermal node
is

M T+h
Z / Yig (8) Tout, (£)F; (£) cp di. (3.4)

Eq. (3.4) represents the total amount of heat entering the i thermal node over the interval
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71,2(7)f2(7T) v2,1(7)f1(7)

71,3(7)f3(7) v3,1(T)f1(7T)

Figure 3.2: Example of heat exchange among nodes in a thermal network composed by 3
nodes. In the figure are shown the flows related to thermal node 1 only.

[7,7 4+ h) and hence, we can write

T+h M T+h
/ Tini (0F;(t) e, dt = Z / Yi.i (1) T (1) () dit. (3.5)
T j=1 T

Since (3.5) holds for every h > 0, we can write

Tina(T)fi(T)ep = Z%,J'(T)Tout,j(T)fj(T)cp (3.6)

and (3.6) holds almost everywhere. In the rest of the dissertation, we assume that (3.6)
holds for every 7 € R. Forall 7 € Rand i € {1,..., M}, f;(7) > 0 and hence, the relation-
ship between the input temperature of the i** thermal node and the output temperatures

of all the other thermal nodes can be written as

Talr) = > %Tw (7). (3.7)

Jj=1

For all i,j € {1,..., M}, we define the coefficient

piy(1) 2 —%jg():; ) (3.8)
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and (3.7) can now be rewritten as

Tina(7) = Z%mﬂmt,j (). (3.9)

The coefficients {1; ;(7)} are functions of the variables {f;(7)} and {v;;(7)}. There-
fore we should denote them as {wm (f1 (7)y oo fr (7)), 12 (7), - .. ,"}/M7M(T)> } In order to
reduce the complexity of the notation, we denote the coefficients {t; ;(7)} as if they had
direct dependency over the time variable 7. It is meant however, that at any time 7, the

values of the coefficients {1; ;(7)} are set by (3.8).

We define the M x 1 vectors

A
To() 2| Tos(r) ... Tun(r) Tawis(r) .. Tnec(r)
Servenodes CRAarnodes
T
Toxion(r) ... Tuu(n) |

Environment nodes

A
Tow(T) = [ Toutn(T) oo Town(T)  Towener(T) . Townic(T)
Serve:godes CRAarnodes
T
Tout,N-l—C—l—l(T) Tout,M<7-) ’

vV
Environment nodes

f(r) £ fi(r) ... fn(r) fvpa(r) oo fage()

(. S . J
'

~
Server nodes CRAC nodes

fN—l—C—l—l(T) Ce fM(T) )

[\

Vv
Environment nodes
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filr) 7 () fvaln) T fvee(n)
Server‘,nodes CRAa,nodes
bt L ]T
\fN—i-C—l—l(T) fM(T)J ’

TV
Environment nodes

and the matrices

(7)o ym(T) Yra(m) oo rm(T)
(1) = 7 (1) =

’)/MJ(T) ")/M’M(’T) val(’T) wM,M(T)

The vector T, (7) is the input temperature vector, the vector Ty, (7) is the output temper-
ature vector, and the vector f(7) is the airflow vector. Egs. (3.3) and (3.7) can now be

written as

f(r)=T(7)f(7) (3.10)

and

T, (7) = V(1) Tous (7). (3.11)

We now want to rewrite (3.8) using vectors. Toward this goal, we use the operator diag{-}.
The operator diag{-} transforms the generic vector  into a diagonal matrix, with the
elements along the main diagonal equal to the elements of the vector . Eq. (3.8) can now

be written as

V(1) = diag{f (7))} (7)diag{f(T)}. (3.12)

Eqgs.(3.10) and (3.11) describe the heat exchange among the thermal server nodes. In
this model, the links connecting the thermal server nodes are represented by the structure
of the matrix I'(7), i.e., by the positions of the nonzero elements of the matrix. According
to (3.11), the relationship between the input temperature of a node and all of the other

output temperature is linear as long as the matrix I'(7) and the vector f(7) are constant.
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If the matrix I'(7) and the vector f(7) are time-varying, then the relationship between the
input and output temperature vectors is a nonlinear function of the vector f(7) and (3.12)

has to be considered.

At any time 7, the vector f(7) is a right eigenvector of the matrix I'(7) associated with
the eigenvalue 1. Therefore, variations of the airflow of the i* thermal node may affect
both the way heat is exchanged in the data center (changes in the I'(7) matrix) and the rate
at which air moves through the physical devices (changes in the whole f(7) vector). Once
the matrix I'(7) or the vector f(7) have changed their values, it may take a certain amount
of time before a new equilibrium point, given by (3.10), is found. In this dissertation we
neglect this transient and we assume that (3.10) holds for every 7 € R. Appendix A.1

discusses some notable properties of the matrices I'(7) and W(r).

3.3.2 Dynamics of thermal server nodes

This subsection discusses how multiple elements, typically considered for modeling the
thermal dynamic of servers and their power consumption, can be described in the pro-
posed framework. The section only focuses on the elements that will be later used in the

dissertation. The elements are

e the temperature of the air at the inlet and at the outlet of the server;

the rate at which air flows into the server;

the state of the server, e.g., the ON or OFF state of the server;

the power consumption of the server;

the amount of computing resources used in the server.

The state of the n'* server at time 7 is denoted with ¢, (7). The set of states of the
n' server is denoted with S, which we assume is composed by a finite number of state

variables. The values of the states of all the servers is described by the N x 1 vector ¢(7)
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defined as
T
A

() = oi(t) ... pn(T)

The power consumption of the n'* server at time 7 is denoted with p, (7). Computing
resources are divided into R classes and we denote with the R x 1 vector p,(7) the amount
of computing resources used in the n'* server at time 7.

This subsection focuses on the case where the state of every server is a control variable
and the time required to move from one state to another is negligible. Section 3.6 discusses
how these additional assumptions can be lifted at the cost, however, of a more complex
model of the server. We focus on the case where the state of the server bounds the maximum
amount of computing resources available on the server. For example, a turned off server
has no computing resources available for computation. With 7(n, ¢, (7)) we denote the
maximum amount of computing resources that the n' server can use at time 7. At any

time 7, the amount of computing resources used in the n'* server are bounded by

0 < pu(7) < 7(n, (7). (3.13)

Specific models for the thermal dynamics of the thermal server node will be discussed
in the next chapter. Here we retain a generic form of the dynamics of the thermal server

nodes. A generic equation for the dynamics of the n'* sever can be written as

Fs(n, Tout n(7), Tinn(7), f0(7), pu(7), n(7)) = 0, (3.14)

where the function Fgs can consider the time derivatives of the variables Tout n(7), Tinn(7),
f.(7), and p, (7).

Measurements taken on a server in our laboratory and discussed in [49] show that a
linear time-invariant (LTI) system is a good approximation of the evolution of the outlet

temperature of a server, when the fans of the server rotate at constant speed. Figure 3.3
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Figure 3.3: CPU utilization, power consumption, inlet and outlet temperature of a desktop
computer, when fans rotate at constant speed.

shows the CPU utilization, power consumption, inlet, and outlet temperature of one of the
desktop computer used for the experiment. In the following chapter, an LTI model is used
to describe the thermal dynamics of a group of servers. Appendix A.3 discusses a model

for the server thermal dynamics which also accounts for the temperature of the CPU.

The power consumption of the n* server at time 7 can be written as

Pn(T) = fp.5(n, pu(T), n(7)), (3.15)
where the subscript “p,S” specifies that the generic function f is related to the power
consumption of the server nodes. Eq. (3.15) assumes that the state of the server and the
amount of computing resources used in the server affect the server dynamics only via the
power consumption. When necessary, other elements can be considered in the equation
modeling the dynamics of the server. Appendix A.4 discusses a model of server power
consumption which considers the amount of computing resources used in the server; the

model focuses on the amount of CPU usage in the server.
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3.3.3 Dynamics of CRAC nodes

We consider the case where a local controller is embedded in every CRAC unit. Every
embedded controller has as external input, which we call reference temperature. With
Tret.o(T) we denote the reference temperature of the ¢ CRAC unit at time 7 and we define

the C' x 1 vector
T

ﬂef(T) = Treﬂl(T) cee ﬂef,C(T)

It is common practice in industry to call the temperature of the air flowing into a CRAC
unit the return air temperature and to call the air flowing out from a CRAC unit the sup-
plied air temperature. In this dissertation, we prefer to be consistent with the terminology
already introduced, so we call input temperature the return air temperature and output
temperature the supplied air temperature. The input and the output temperatures of the

cth CRAC unit at time 7 are denoted with Tj, n1o(7) and Thu nv1e(T) Tespectively.

Even though some CRAC units are able to increase the input air temperature, heating
air in data center is rarely a necessity and will not be considered here. At every time 7 the
embedded controller of the ¢* CRAC unit manages the internal component of a CRAC
unit so that the output temperature of the CRAC units tends to the minimum between the
reference temperature and the input temperature of the CRAC unit. A generic equation

for the dynamic of the ¢ CRAC unit dynamics can be written as

FC’(Ca Tout,N—i—c(T)) ﬂn,N+c(T); Tref,c(T)y fN-l—c(T)) = 07 (316)

where the function Fi can consider the time derivatives of the variables Tty (7), Tinn(7),
and f,(7).

Besides controlling the output temperature, CRAC units also control the relative hu-
midity of the output air. The current bounds on the minimum and on the maximum

humidity of inlet air, set by ASHARE in 2008 and shown in Tab.1.2, are often enforced
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Figure 3.4: Coefficient of performance (COP) of a CRAC unit for different values of its
output temperature. Data from [44].

without having to add or remove moisture from the air. Also, bounds on the relative
humidity of the air can be mapped into bounds on the inlet air temperature when the
absolute amount of humidity is constant. Therefore, the bounds and the control of the

humidity are not explicitly considered in this dissertation.

The power consumption of a CRAC unit may depend upon multiple factors, such
as the speed at which fans rotate, how compressors (if any) are used, and the specific
technology used for the heat exchangers located inside the CRAC unit. A parameter
often used to approximate and to predict the power consumption of a CRAC unit is the
coefficient of performance (COP). The COP of a CRAC unit represents the efficiency at
which a CRAC unit removes heat from the air and it is function of the CRAC unit’s output
temperature. Figure 3.4 shows an example of the relationship between the COP and the

output temperature of a CRAC unit.

Assume that at time 7 the input temperature of the ¢ CRAC unit is greater than the

output temperature of the unit, i.e., Ty y+c(T) > Tout N+c(7). The rate at which heat is

35



removed by the CRAC unit is

(TnvselT) = Toutvsel™) ) (7). (3.17)

According to the model proposed by Moore et al. [44] and, assuming that Ti, yi.(7) >

Tous.N+e(T), the power consumption of the ¢ CRAC unit can be approximated by

<Tin,N+c(7') — Tout,N+c(7')> fnre(T)ep
COP.(Tous (7)) .

PN+e(T) = (3.18)

Eq. (3.18) holds only when Tiy y4c(T) > Tout, nte(T)-

To model the power consumption of a CRAC unit at every time 7, we consider a generic

equation having the form of

(7 = Fyc (€ T sel(7), To4el(7), COP(Toui 4l ) (3.19)

3.3.4 Dynamics of environment nodes

Environment nodes are divided into two groups. Environment nodes in the first group
represent those devices that consume power and for which meaningful input and output

temperatures can be defined. Environment nodes in this group are described by

FE1,1 (67 Tout,N+C+e<7'>7 Tin,N+C+e(7')a fN+C’+e(T)7 pN+C+e(7')) =0 (3 20)

pN-i-C'-i-e(T) = fE1,2(€’ 7_)'

The model in (3.20) is similar to the model used for representing the dynamics of thermal
server nodes. Environment nodes in the second group are used for those entities that are

better described as pure heat sources, e.g., the external environment. Environment nodes
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in the second group are described by

Tout,N+C+e(7') = sz,l(e»T) 3 21)

PN+C+e(7') = 0.

Models in (3.20) and in (3.21) are based on a minimalistic representation of the envi-
ronment nodes. However, due to the large variability of devices that can be included in
the environment nodes we expect that, in general, multiple additional parameters will be
considered when modeling the power consumption of environment nodes or their thermal

evolution.

The number of environment nodes in the first group is E; and the number of envi-
ronment nodes in the second group is Fy;. We assume that environment nodes are or-
dered so that the first F; nodes are in the first group and the other nodes are in the
second group. We also define the indexes sets & = {N +C +1,...,N + C + E;} and
E={N+C+E; +1,..., N+ C+ FE}. Indexes in & represent environment nodes in the

first group and indexes in & represent environment nodes in the second group.

The input temperatures of the environment nodes having indexes in & are not relevant
for control purposes and may be neglected. As a consequence, the time-varying coefficients

{i;} related to these input temperatures do not need to be estimated or known.

3.3.5 Modeling data exchange in the computational network

The data exchange among computational nodes is modeled as atomic computational re-
quests that we call jobs and the workload is a stream of jobs. Jobs are divided among J
classes and jobs in the same class have the same resource requirements. Job classes are
used to represent different kind of user requests. For example, HT'TP requests sent to a
certain server may be collected into a class different from user requests sent to an FTP

server. When necessary, it is possible to represent the variability of resource requirements
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among jobs in the same class, at the cost, however, of a more complex model and of a more

complex notation.

A data center may have multiple entry points for jobs and multiple schedulers which
manage the scheduling of jobs among the VMs. We represent the whole scheduling action
as if it is accomplished by a single scheduler. Every job is assigned, at most, to one VM.
Jobs that are not assigned to any VMs are not executed in the data center. We call such
jobs dropped jobs. With s/ (1) we denote the relative amount of jobs in class j that we want
to schedule on the v VM at time 7. Let h be a positive real number. With a"V/(7, 7 + h)
we denote the number of jobs in class j arrived to the data center over the interval [, 7+h).
With a/ (1, 7+ h) we denote the relative amount of jobs in class j scheduled to be executed
in the v VM over the interval [r,7 + h). Consider the case where the variables {s/(7)}
are constant over the interval [7,7+ h). For all v € V and j € {1,...,J}, the scheduler

operates so that
al(r, 7+ h) :
lim — = I(7). 3.22
aWoi (1,74+h)—+o00 awi (7', T+ h) v( ) ( )
Eq. (3.22) means that the relative amount of jobs in class j assigned to the v** VM tends
to s/(7) as the total number of jobs arrived at the data center ("7 (7,7 + h)) increases.

For all v € V and j € {1,...,J}, the product
sI(1)a™ (1,7 + h) (3.23)

represents the number of jobs in class j that are required to be assigned to the v* VM
over the time [7,7 + h). The difference between a’ (7,7 + h) and s/ (7)aV¥ (7,7 + h) is due

to the policy chosen by the scheduler in the allocation of the jobs among the VMs.

Example 1. Consider a computational network composed by 4 nodes and the number
of job classes is 1. The scheduler is set to distribute jobs uniformly among the 4 nodes,

T
ie., s(r) = [}1 : 4 111] for all 7 € R. Assume that over the interval [7,7 + h) 3 jobs
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arrive at the data center. The required number of jobs to be allocated to the computational
nodes is %. The actual number of jobs allocated to 3 nodes will be 1 and one of the node
will receive no jobs. Which of the four nodes will receive no jobs depends on the choices

made by the scheduler. O

We define the J x 1 vector

T
a(r, 7+ h) & |V (T ) aW’J(T’T+h)}

and the (V- J) x 1 vectors

T
a(T,T+h)é[a%(7,T+h) o.oal(r,T+h) al(r,T+h) ... ... aé(T,T%—h)} )

s(r)é[s}(f) oSl sk L s“]/(r)]T.

The vector @ (7,7 + h) represents the number of jobs, divided per job class, arriving at
the data center over the interval 1,74 h). The vector a(r, 7+ h) represents the number of

jobs, divided per job class, arrived at every computational node over the interval [, 7+ h).

We now want to rewrite (3.23) using the vectors defined earlier. Toward this goal, we
have to align the elements of the vector @' (7) with the elements of the vector s(7). We
consider then the operator diagp{X;y}, which creates a block matrix by placing y copies
of the matrix X along the diagonal blocks and define the (V- J) x (V - J) diagonal matrix
AW (7,7 + h) as

AV (7,7 4+ h) = diagp{diag{a" (7)}; V}. (3.24)
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The matrix AW (7,7 + h) can be written as

aVr (T, T+ h)

aV I (r, 7+ h)

aVr (T, T+ h)

aV(r, 7+ h)

Eq. (3.23) can now be rewritten as A" (7,7 + h)s(7). The vector AW (1,7 + h)s(7) takes

RNV

value in , whereas the vector a(7, 7 + h) takes value in N¥V.3 The difference between

the vector a(r, 7+ h) and the vector A" (7, 7+ h)s(7) is due to the sum between the vector

AWV (7,7 + h)s(7) and a random vector a(7,7 + h). We can write

a(t,7+h) =a(r,7+h)+ A" (1,7 + h)s(7). (3.25)

The vector a(7, 7 + h) models the policy of the scheduler on the allocation of jobs among

the computational nodes.
3.3.6 Dynamics of computational nodes

Computational nodes are queueing systems. With /(1) we denote the number of jobs in

class j in the v VM at time 7. For allv € V, j € {1,...,J} and h > 0, we have

U(r+h)=U(r)+d(r,7+h) —d (1,7 +h), (3.26)

where dJ (7,7 + h) is the number of jobs in class j that leaves the v node over the interval
[7,7 + h).

3With N we denote the set of natural numbers.
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Eq. (3.26) considers the case where all jobs entering a node will eventually leave the

node, i.e., the computational nodes do not generate and do not destroy jobs.

For all v € V and for all 7,h € R with h > 0, we can define the J x 1 vectors

l»U(T):{l}}(T) z;{(T)]T,

- 1T
a,(1,7+h) = |al(r,7+h) ... al(r,T+R)| -
and
i 1T
dy(T, 7 +h) = |di(r,7+h) ... d](r,7T+h)
Eq. (3.26) can now be written as
lL(r+h)=1,(7)+a,(r, 7+ h) —d,(7, 7+ h). (3.27)

Eq. (3.27) describes the evolution of all of the queues on the v™ vector. The evolution

of all the nodes of the computational network is described by
I(t+h)=Il(r)+a(r, 7+ h) —d(r,7+ h), (3.28)

where T
zm—{w) () B lé(r)]
and

d(T):{d%(T) Lodl(r) di(r) ... ... d%)r.

3.3.7 Coupling between computational and thermal nodes

The coupling between computational and thermal nodes is captured by the amount of

computing resources used by the thermal server nodes. The amount of jobs processed by
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the computational nodes sets the amount of computing resources used by thermal server
nodes to which they are linked. The state of a thermal server node sets the maximum
amount of resources that can be used by the computational nodes linked to the thermal

server nodes.

In a real data center, VMs can be migrated from one server to another. In this model,
the migration of VM is modeled via the variables {#,(7)}. The v'* VM is associated with
the n'" server node at time 7 if 6,(7) = n. The associations of all the computational nodes

are given by the V' x 1 vector 6(7) defined as

0(T) = |6,(7) ... Oy(7)

In order to simplify the following notation, we introduce the function ©7!(-, ). The function
©~! has domain in A/ x R and it takes values in P(V), where P(V) is the power set of V.4
With ©~!(n,7) we denote the set of indexes of computational nodes associated with the
n'* thermal server node at time 7.

The amount of resources assigned to the v"® VM at time 7 is a controllable variable
denoted with the R x 1 vector w,(7). The number of jobs departing from the v** vector
over the interval [7, 7+ h) depends on the number of jobs in the VM at time 7, the number
of jobs arrived at the VM over the interval [7, 7+ h) and the amount of computing resources

used by the VM over the same interval. We can write
dy(7, 7+ h) = fava(v,1,(7), ay (1,7 + R), [wy ()], (3.29)

where [w,(t)]7™" denotes the amount of computing resources assigned to the v VM at

every time ¢ for ¢t € [r,7 + h).

The amount of resources actually used by the v** VM at time 7 is denoted by the R x 1

4Given a set A, the power set P(A) is the set of all subsets of A.
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vector 7, (7). The total amount of computing resources used on the n'® server is

pu(r) 2 ) m(7) (3.30)

ve@®~1(n,T)

and the following inequalities hold for all v € ¥V and n € N

0< pu(r) <T(n,00(7)), (3.31)

0< (1) <wy(7). (3.32)

Eq. (3.31) means that the total amount of computing resources used in a server cannot
exceed the maximum amount of resources available on the server. Eq. (3.32) means that

VMs cannot use more resources than those allocated to them.

The amount of computing resources used by a VM depends upon multiple elements,
some of which cannot be observed, such as the internal state of the software running within
the VM. We model the amount of resources used by the v VM at time 7 as a random

variable, whose distribution is parametrized by the couple (1,(7), w,(7)).
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3.4 Data center dynamics

Collecting together the models from the previous sections, for all 7,h € R and h > 7, the

dynamics of the data center is given by

Fs(n, Tousn(7), Tnn (1), £ (7), Pa(7), (7)) = 0 for n € N

Fele = N, Tour,o(7), Tine(T), Trete-n(7), fe(T)) = 0 forceC

Fpya(e = N = C, Toue(7), Tine(7), fe(7), pe(T)) =0 for e € &

Tout,e(T) = fEo1(e — N —C,7) for e € &

Pu(7) = fp.s(n, pu(T), on(T)) for n € N

Pe(T) = fpolc = N, Tino(7), Tour,e(7), Tret,e—n (7). fe(7)) for c € C

Pe(T) = fr2(e = N — C, Toue (1), Tine(7), fe(T)) for e € &
(3.33)

pe(7) =0 for e € &

Tin(7) = W(7)Toue(7)

V(1) = diag{f (1)} (7)diag{f(1)}

a(r,7+h)=a(r,7+h)+ AV (1,7 + h)s(T)

U7, 7+ h) = U(7) +a(r,7 + h) — d(r,7 + h)

do (1,7 + h) = favar (0, 1,(7), ay(7, 7 + B), [wy(7)]TH") forv eV

pn(T) = Z 7, (7) for all n € N/

k veO®~1(n,T)

As discussed in Ch.1, the model derived in this section attempts to provide a complete
description of the data center dynamics. The model is nonlinear. Even though most of the
equations are not specified yet, the relationship between the matrix ¥(7) and the vector
f(7) and the matrix I'(7) is nonlinear. This also implies that the relationship between the

input and the output temperature vector is nonlinear.
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The model also captures the stochastic nature of data centers. The stochasticity in
the evolution of the data center is captured by the vectors @' (7,7 + h), a(r,7 + h), and
{m.(7)}. The vector a" (7, 7+ h) represents the uncertainty in the number of jobs arriving
at the data center over the interval 1,7+ h). The vector a(7, 7 + h), models the unknown
policy of the scheduler, and the vectors {7,(7)} model the amount of resources used by
the VMs over time. We note that the power consumption of environment nodes in the first
group (pg, (7)) and the output temperatures of the environment nodes in the second group
(Toute, (7)) can also be represented as random variables and hence, they can increase the
amount of uncertainty in the evolution of the data center. The model provides a cyber-
physical description of a data center, since it describes both the computational and the

thermal characteristics of the data center as well as their interaction.

We now divide the variables of the model between input, output, and state variables.
The input variables are further divided between controllable input variables and uncon-

trollable input variables.
¢ Input variables

* Controllable
— The rate at which air flows into every device, f(7).
— The state of every server node, ¢(7).
— The reference temperatures of the CRAC nodes, Tyee(7).
— The relative number of jobs assigned to the v VM at time 7, s(7).
— The amount of computing resources assigned to the VMs at time 7, {w,(7)}.
— The association between VMs and server, 0().

* Uncontrollable
— The way air flows mix in the data center, T'(7).

— The power consumption values of the environment nodes modeled by (3.20),
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Pe, (7).

— The output temperatures of the environment nodes modeled by (3.21),
Toute, (7).

— The number of jobs arriving at the data center over the interval [7,7 + h),
aV(r,7+h).

— The specific policy of the scheduler in allocating jobs among the VMs,
a(t, 7+ h).

— The amount of computing resources used by the VMs, {m,(7)}.

e State variables

* The output temperatures of server thermal nodes, CRAC nodes, and environ-

ment nodes in the first group, Touenucue, (7)-
* The number of jobs in every VM, I(7).
¢ OQutput variables
= The input temperatures of thermal nodes T}, (7).
= The power consumption of server and CRAC nodes, {p;(7)},7 € {1,..., N+C}.
* The number of jobs departing from VMs over the interval [, 7+ h), d(7, 7+ h).

Even though the distributions of the variables {7r,(7)} are function of the state variables
and of the input control variables, the value at time 7 of the variables {m,(7)} cannot
be chosen by the control algorithm. For this reason, we put the variables {m,(7)} in the

uncontrollable input group.

3.5 Optimal control of data centers

Once the performance metric is chosen and the constraints on the control variables are
given, the optimization problem can be formulated. The dynamic evolution of the data

center given in (3.33) generates a collection of constraints for the optimal control problem.
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Given the state of the system at time 7, the model in (3.33) allows the control algorithms
to predict future values of the state vectors and output vectors based on the chosen values
for the input variables.

A closed-form solution of the optimization problem may be available for some specific
and highly simplified cases, but in general, we expect it will be necessary to use numerical
methods to solve the optimal control problem. Independently from the specific chosen
performance metric, the optimization problem tackled by the data center controller is non-
convex and hence, numerical methods may not be able to guarantee global optimality.
Furthermore, since the control variables ¢(7) and 0(7) take values over discrete sets, the
optimization problem belongs to the class of a mixed integer nonlinear programs (MINLP).

Receding-horizon (RH) approaches are typically considered when the performance of a
nonlinear system has to be maximized. In a RH approach, the control problem is trans-
formed into an optimization problem at each time step. The optimization problem con-
siders future values of the control input and of the state and output of the system under
control. The solution of the optimization problem returns a sequence of control inputs.
Only the first element of the sequence is applied to the system and, at the next time-step,
a new optimization problem is instantiated based on the measured outputs of the system
and the procedure is repeated. The most common RH control approach is model predictive
control (MPC). Some of the controllers discussed in the next chapter are based on the
MPC approach. An introduction to MPC can be found in [63], as well as many other
references.

The strength of RH approaches resides in their ability to compensate for inaccuracies
in the predictive model by sampling the state of the system at the beginning of every
control interval. However, the time required to solve the optimization problem has to be
much smaller than the length of the controller’s sampling time. Even though numerical
algorithms have largely improved over the last 20 years, MINLP are still hard problems to

solve. Furthermore, the number of variables and the number of constraints that have to
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be considered in the optimization problem grows linearly with the number of future steps
considered by the control algorithm. As discussed in the following example, RH control
approaches are not a viable solution for data center control due to the large number of

servers that have to be controlled.

Example 2. Consider the case of a data center with 1000 servers, each having two states:
oN and OFF. The set of states of the n'" server is S,, = {ON, OFF}. The maximum number
of VMs active at any time is 5000, i.e., V' = 5000. In such a case, the number of discrete
variables is 6000, i.e., the vector 8(7) is a 5000x 1 vector and the vector ¢(7) is a 1000x 1
vector. Furthermore, the length of the vector f(7) is at least 5000x 1, i.e., one air flow per
server. The length of the vector f(7) sets the number of nonlinear equations associated
with the temperature evolution. Solving an MILNP with 6000 integer variables and
more than 1000 nonlinear equality constraints can take weeks even on modern machines

executing state-of-the-art algorithms. %

There are however structures and properties of the data center models that can be
exploited in order to reduce the complexity of the control problem. As the number of
servers increases, we expect that associating a VM with one server or with a nearby server
has negligible effects on the global performance. Similarly, we expect that as the number
of servers increases, the state of each single server becomes irrelevant and only the state
of large group of servers becomes important. The following chapter further discusses how

control algorithms can leverage these properties.

3.6 Extensions to the model

In subsection 3.3.2 we assume that the state of the thermal server nodes is an input control
variable. In general, this assumption does not hold. For example, a turned off server takes
a certain amount of time before it is able to process workload. A refined model which
considers the time required by a server to move from one state to another is discussed in

this section.

48



Consider the case where an order is defined over the sets {S,}. Since the sets are
composed by a finite number of elements, an order can always be defined. The time required
by the n'" server to migrate from its i state to its 5 state is denoted with ¢, (i, 5) (s). If
the variables {(,(i,7)} are only partially known, then they can be represented as random

variables.

With k,(7) we denote the desired server state of the n'" thermal server node at time
7. If at time 7, the server node is at the state ¢, (7) # £, (7), then the server will start the

transition that will take it to the state x, (7).

In general, from a single state, a server can move to multiple states. For example,
if a server has multiple active states, then from the TURNING-ON state, it may move to
any of the active states. Furthermore, a server may have states that are reachable only
from a subset of other states. For example, the OFF state may be reached only from the
TURNING-OFF state. In order to describe the paths allowed from one state to another,
we can consider the graph Gg, (S, Fsn), where Eg,, is the set of directed edges which
connect the states of the n'® server. An edge connects the " state with the j** state,
where i, j € S,, if and only if the n'® server is allowed to migrate from the i** state to the

4% one.

Furthermore, some of the states of a server may not be stable, i.e., the server can stay
on those states only for a limited amount of time. We say that a state is stable if it is not
unstable and we denote with S, the set of stable states of the n** server. In such a case,
the variable k,(7) takes value in S,. The following example helps clarifying the notation

introduced in this section.

Example 3. Consider the case of a medium-size data center composed by 1008 servers,
e.g., the data center is composed by 24 racks, each containing 42 servers. In this example
N = 1008 and N = {1,...,1008}. All servers can either be on, or off. When a server is

off, we say it is in the OFF state and when a server is on, we say it is in the ON state. For
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turning-off
(4)

Figure 3.5: Graphical representation of the state and allowed transition among states for
the servers in Ex. 3. In brackets we show the chosen order for the states.

all n € N the sets of stable states is {OFF, ON}. To move from the OFF state to the ON
state, servers require a certain amount of time to initialize their software and hardware.
The sequence of operations necessary for a server to move from the OFF state to the ON
state is represented by the TURNING-ON state. Servers take also time to move from the
ON state to the OFF state. The sequence of operations necessary to a server to move from
the ON state to the OFF state is represented by the TURNING-OFF state. For all n € N/
the sets S, are {OFF, TURNING-ON, ON, TURNING-OFF}. The sets {S,,} are ordered. The
state OFF is always the first state, the state TURNING-ON is the second state, the state ON
is the third state, and the state TURNING-OFF is the fourth state. Figure 3.5 provides a
graphical representation of G'g,,(Sp, Fsy,) for all n € {1,...,1008}. From the figure it is

possible to derive a mathematical formalization of the set Eg .

Suppose servers 1 to 504 take 1 min to turn on and they take 2 min to turn off and
servers 505 to 1008 take 3 min to turn off and they also take 3 min to turn on. Let us
focus on server 1. The time required by server 1 to turn on can be modeled, for example,
by assuming that the server moves immediately from the OFF state to the TURNING-ON
state. The server then takes 60 s to move from the TURNING-ON state to the ON state.
Similarly, we can assume that the server takes no time to move from the ON state to the
TURNING-OFF state and that it takes 120 s to move from the TURNING-OFF state to the

OFF state. A similar approach can be used for the other servers. The migration time of
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the servers is as follow®

For n € {1,...,504} For n € {505,...,1008}
0 ifi=1,j=2 0 ifi=1,j=2
. 60 ifi=2j=3 N 180 ifi=2j=3
Cn(i,j) = Cn(i,j) =
0 ifi=3 =4 0 ifi=3 =4
| 120 ifi=4,j=1 | 180 ifi=4,j=1

In order to guarantee that every server reaches a stable state before a new migration
is requested, the variables {k,(7)} can be set to be piecewise constant over time-intervals

longer than 180 s. O

The data center model discussed in this section is now represented via a hybrid system,
where a collection of discrete-dynamic models and continuous-dynamics model interact.
The description and the analysis of hybrid systems require notation that is more complex
than notation for systems with just continuous dynamics, since the allowed discrete state
transitions have to be considered.

The section introduced the notation and the concepts that will be used in Chapter 7.
The example shows how adding details to the data center model can drastically increase

the complexity of the overall model.

3.7 Summary

In this chapter, we discuss the control problem tackled in the dissertation. A modeling
framework is proposed to formalize the data center control problem. The chapter discusses
also the development of a data center model and discusses how these assumptions can be
lifted at the cost of a more complex model of the data center.

The data center model discussed in this chapter is nonlinear and leads to optimization

5Time values are expressed in seconds.
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problems which belong to the class of mixed-integer nonlinear programming (MINLP). The
complexity of the optimization problem and the large number of optimization variables and
nonlinear constraints prevent the use of receding horizon (RH) control techniques. The
chapter concludes with an example of how the time required by servers to turn on and off

can be included in the data center model.
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Chapter 4

Control approach

This chapter discusses the proposed control approach. The proposed hierarchical /distributed
architecture takes advantage of the modularity typically found in data centers and it allows
the use of optimization algorithms at run-time. The hierarchy is composed of three levels
of control and the focus of this dissertation is on controllers for the highest level of the

hierarchy.

The chapter is organized as follows. The following section discusses the control archi-
tecture we propose. Section 4.2 introduces three control algorithms for the highest level
of the control hierarchy. Section 4.3 discusses a continuous-time model of the data center
that controllers at the data center level use. The model discussed in Sec. 4.3 stems from
the model discussed in the previous chapter, but it adds multiple additional hypothesis
which simplify the synthesis of the control law for the data center controllers. Section 4.4
discusses the dynamics of the whole data center in the new continuous-time model. Sec-
tion 4.5 discusses the existence, under certain additional hypotheses, of a unique stable
equilibrium point for the data center. Section 4.6 discusses the predictive discrete-time
model used by data center controllers. Section 4.7 discusses the constraints that control
variables have to enforce. Finally, Sec. 4.8 formalizes the three control algorithms proposed

for the highest level of the hierarchy:.
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4.1 Proposed control architecture

We propose a hierarchical /distributed control architecture in order to solve, at run-time,
the optimization problem discussed in the previous chapter. The proposed hierarchy is
composed of three control levels. At the highest level of the hierarchy the focus is on
processes having dynamics of the order of tens of minutes or more. The highest level of the
hierarchy is called data center level. A single controller operates at this level and it directs
the lower level controllers. The controller at the data center level is the only controller
that defines the set points for the CRAC units, i.e., it defines the values of the reference
temperature vector at every time 7. At the second level of the hierarchy the focus is on
processes having dynamics of the order of the minutes. The second level of the hierarchy
is called zone level. Multiple controllers operate at this level and they manage only those
controllers and systems related to their zone. The controllers of the group level, discussed
in Sec. 2.2, can be thought as controllers at the zone level. The third level of the hierarchy
focuses on processes having dynamics of the order of few seconds or less. The third level
of the hierarchy is called intra-zone level and multiple controllers operate at this level. For
example, the CPU governors and the control algorithms discussed in Sec. 2.1 are examples

of intra-zone level controllers.

Figure 4.1 provides a graphical representation of the proposed hierarchical control strat-
egy. In the figure, we included a block called disturbance which represents the source of
the uncontrollable inputs that affect the dynamics of the data center. A predictor block is
also included in the figure. The predictor block provides estimation about future values of
the disturbances to the data center controller. The data center controller may pass data

about the predicted disturbance values to the lower level controllers.

The proposed control architecture reduces the complexity of each control algorithm by
taking advantage of the modularity typically found in data centers. The sizes of the control

problems considered by the control algorithms allow now the use of predictive models. The
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Figure 4.1: Proposed hierarchical and distributed control architecture.

architecture however, also has some drawbacks. For example, the optimality of the overall
control action, i.e., the control action generated by the totality of the controllers, is not
guaranteed. Also, the use of aggregate models may induce prediction errors and these
may lead to poor control performances. The amount of performance loss due to the use of
aggregate models depends on both the amount of information lost at the aggregation step
and on the way lower level controllers operate. Chapter 8 provides some results about the
performance loss, for a specific data center case, when the controller at the data center

level uses inaccurate models to predict the behavior of the zone level controllers.

The focus of this dissertation is on controllers at the data center level and on processes
ranging in the minutes to hours time scale. In the following, we consider the case where
the airflow vector f(7) and the matrix I'(7) are constant, i.e., f(7) = f and I'(7) = I for all
7 € R. This assumption accounts for multiple issues related to the modeling of air flows
in data centers. The way air moves in a data center is described by nonlinear differential

equations which take into account, among others, the air pressure variations in the data
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center. Solving these equations typically requires hours of computations, even on modern
machines executing state-of-the-art software. To the best of our knowledge, there are
no available algorithms which can model the movements of the air flows with reasonable
accuracy and are fast enough to be used for real-time control. A first step toward the
development of these algorithms can be found in the work of Toulouse et al. [73]. In this
dissertation, we prefer to focus on the case where flows of air are constant in the data
center and therefore, thermal predictions can be made within few seconds [70]. Under
the assumption of constant vector f(7) and of a constant matrix I'(7), the matrix ¥(7)
is constant and the relationship between the output temperature vector and the input
temperature vector is linear. If accurate and fast algorithms able to consider the effects
of airflow variations are available, then these can be included in the overall model and

considered in the control algorithm.

4.2 Control at the data center level

A controller at the data center level manages lower level controller by fixing set-points for
e the scheduling of jobs among the zone;
e the migration of VMs among the zone;
¢ the rate at which jobs have to be executed by every zone;
e the reference temperature of every CRAC unit.

The goal of a data center control algorithm is the maximization of the data center
performance, subject to the given operational constraints. In order to understand the
impact of neglecting the cyber-physical nature of data centers, we study the performance
of three different control strategies: baseline, uncoordinated, and coordinated. The control
strategies are abstractions of three different control approaches that can be implemented

at the data center level.

¢ Baseline strategy. The baseline strategy represents those control algorithms where
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the set points are fixed and their values are chosen so as to satisfy the control con-
straints for the worst-case scenario. A baseline controller operates in open-loop and
provides indications about the lowest performance we can expect from other control
algorithms attempting to maximize the data center performance, either by consid-
ering or neglecting the cyber-physical nature of data centers. The baseline control
strategy is a reasonable control approach when the power consumed by the CT is
much smaller than the total power consumed by IT and when the IT is efficiently

managed by lower level controllers.

Uncoordinated strategy. The uncoordinated strategy represents those control
approaches where the efficiencies of IT and CT are managed by two independent
controllers. An uncoordinated controller neglects the cyber-physical nature of data
centers and it provides a performance reference for the coordinated controllers, where
the efficiencies of I'T and CT are managed by the same algorithm. The uncoordinated
control strategy can be typically found in modern data centers. An uncoordinated
controller is able to enforce constraints on the IT system, but it may not guarantee

the enforcement of the thermal constraints.

Coordinated strategy. The coordinated strategy represents those control ap-
proaches where the efficiencies of I'T and CT are controlled using a single optimization
problem. A coordinated controller takes full advantage of a cyber-physical model of

a data center.

The performances of the three controllers are discussed in the next chapter. With

respect to the complexity of the control algorithm, a baseline controller is one of the

simplest algorithm to implement. No computations are executed by the controller at run-

time and a fixed control law is used. An uncoordinated controller is more complex than a

baseline controller, but typically, less complex than a coordinated algorithm.
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We focus on the case where the uncoordinated and the coordinate controllers are based
on a model-predictive-control (MPC) approach. An introduction to MPC can be found,
among others, in [63].The coordinated and the uncoordinated controllers use a discrete-

time version of the model discussed in the following section.

4.3 Plant model at the data center level

At the data center level, the focus is on processes having dynamics of the order of tens
of minutes or more. Therefore, only the mean values of the predicted processes (later
specified) are considered. It is left to the controllers at the zone and at the intra-zone level
to define strategies to counteract the effects of the variations around the mean values.

At the data center level, the computational nodes represent the computational char-
acteristics of the zones, whereas the thermal nodes represent the physical characteristics
of the zones, CRAC units, and uncontrollable elements. Thermal nodes are still divided
among three classes: servers, CRAC, and environment nodes. Nodes in the server class
represent the thermal characteristics of the zones. CRAC nodes represent the thermal char-
acteristics of CRAC units, and environment nodes represent the thermal characteristics of
aggregated, uncontrollable, devices.

Every computational node is associated with a single thermal server node and N denotes
both the number of thermal server nodes and the number of computational nodes. The
migration of VMs among servers of different zones is represented by the migration of jobs
from one zone to another. Due to the use of aggregate models, the number of computational

and of thermal nodes managed by a data center controller is largely reduced.

Example 4. Consider the case of a data center composed by 24 racks. Every racks
contains 42 servers. Racks are grouped into 8 rows of 3 racks reach. Consider the case
where every row is a zone. The data center controller has to manage only 8 zones, whereas
the number of servers in the data center is 1008. In this example, every zone-level controller

has to manage 126 servers. O
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In [51], a simplified version of the data center model presented in this section is dis-

cussed.
4.3.1 Thermal model of zones

We use a first-order LTI system to model the evolution of the output temperature of a

zone. The model for the i*" zone can be written as

Tout,i(T) - _kiTout,i(T) + kiﬂn,z’<7—) + Cipi(T)u (41)

1

where ”
7

is the time constant of the temperature of i** node, ¢; is the coefficient that maps
power consumption into output temperature variation, and p;(7) is the power consumption
of the i*" node at time 7. The model in (4.1) specifies the generic model for thermal server

nodes considered in (3.15). Appendix A.2 discusses how the generic term ¢; is related to

the airflow rate of the i** zone and to the time constant of the zone by

where ¢, (J/ (Kg K)) is the specific heat of the air at ambient pressure.

Eq. (4.1) represents the thermal dynamic of the i** zone through a first order LTI
system. In general however, higher order models can be considered. We expect the use of
black-box modeling or model reduction techniques to derive the values of the coefficients
n (4.1). An introduction about system identification techniques can be found in the work
of Ljung [39], as well as many other references. A survey of model reduction techniques
can be found, among others, in the work of Antoulas et al. [§].

In order to derive an equation for the power consumption of the i** zone, we need to
introduce two variables that shall be further discussed in Sec. 4.3.5. With lg (1) we denote
the number of jobs in class j being executed at time 7 in the i zone and with 7/(7), we

denote the rate at which jobs in class j leaves the i zone at time 7. We define the J x 1
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vectors

li(r)é{zgm zgmr

and

A

m@zwm~'Wﬂé

Zone controllers are assumed to manage the zones so that the overall power consumption

and job execution grow proportionally with each other. We can write
pi(7) = al (1) + BT L(7), for all i € N, (4.2)

where a; and 3; are the J x 1 vectors that map the effects of job execution to the zone
power consumption. Eq. (4.2) specifies the generic relationship written in (3.15).
When necessary, the power consumption model can be extended to include nonlinear

functions which may account, for example, for the ON and OFF state of every server.
4.3.2 Thermal model of CRAC units

As discussed in Sec. 3.3.3, the output temperatures of the CRAC units can be modeled as
Tout,z'(T) = —k;Tout,i (7) + ki min{ T3, ;(7), Treti—n(T)}, (4.3)

where Tt ;(7) represents the reference temperature of the CRAC node having index . The
min operator in (4.3) ensures that the output temperature of the CRAC node is always
lower than, or equal to, the input temperature of the node. Eq. (4.3) specifies the generic
model for the dynamics of CRAC units given in (3.16). According to (3.18), the power

consumption of the 7 CRAC unit can be written as

Tin,i(T) — Tout,i () (o (T
D OOPT(r)) ilT) = Lowna(T) (4.4)

0 ZZ“’in,i(T) < Tout,i(T)-

f;
pi(T)=
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In (4.4), it is assumed that a CRAC unit consumes no power when it provides no
cooling, i.e., when T, ;(7) < Thut (7). There are two elements that made us set to zero the

power consumption of a CRAC unit when Ti, ;(7) < Touti(7):

e We assume the speed at which fans rotate is constant and hence, we expect the power

consumption of the fans is well approximated by a constant.

e We expect the power consumption of a CRAC unit to be continuous over the variables
Touti(7) and T ;(7).

In order to maintain the continuity of the power consumption over the variables Tyt ;(7)

and T}, ,;(7), any constant used for the case T}, ;(7) < Tout(7) has to be considered also

for the case Ti,;(T) > Touti(7). Since the power consumption of the CRAC units is only

accounted in the cost function, any constant added to the power consumed by a CRAC

unit can be disregarded at the time of optimizing the data center.

4.3.3 Thermal model of environment nodes

At the data center level, environment nodes may represent single uncontrollable devices,
or aggregation of uncontrollable devices. The choice depends on the characteristics of the
control problem and on the required accuracy. Environment nodes in the first group are
modeled as

Tout,i = —kiTouti(7) + kiTin i (T) + cipi(7), (4.5)

where i € £;. Eq. (4.5) is similar to the equation used to model the evolution of thermal
server nodes and it specifies the generic model described in (3.20). The power consumption

of the i environment nodes (of the first group) is an uncontrollable input.

Environment nodes in the second group do not have a dynamic equations and their
output temperature is an uncontrollable input which directly affects the dynamics of the
overall system. The power consumption of the i environment node of the second group

is set to be 0, i.e., p;(7) =0 for all i € & and 7 € R.
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4.3.4 Dynamics of the thermal network

The dynamic evolution of all of the nodes in the thermal network can be written as

Tout,i(T) = _kiTout,i(T) + kiﬂn,i (T) + Cipi(T) fOI’ 1 € N,
Tout,i<7—> - _kiTout,i(T) + kz min{ﬂn,i(7)7 Tref,i—N(T)} fOI‘ ? S C7
Tout,z'(T) = —kToui(7) + kiTin i (7) + cipi(T) for i € &,

ﬂﬂvi(T) - Z]]Vil ¢i,jTout,i(T> for ¢ € NU CUEl, (46)

f‘C T!m,i (7—> - Tout,i (7—>
P COP(Tow (7))

0 ﬂn,i (7—) < Tout,i (7—)

Tin,i(7) 2 Tou,i ()
for 1 € C.

The state of the thermal network is the vector Ty arucue, (7). Outputs of the thermal
network are the vectors Tinacue, (7) and pe(7). Inputs of the thermal network are the
vectors pur(7), Pg, (7), Touts,(7), and Tree(7). The only controllable input is the vector is
Tet(7). The equations in (4.6) model the evolution of the thermal network and specify the
generic relationships given in (3.33). Even though the relationship between the input and
the output temperature vector is now linear, the dynamics of the thermal network is still
described by a nonlinear system. One of the nonlinearities affects the dynamic evolution
of the output temperature of the CRAC units. The other non linearity affects the power

consumption of the CRAC units.

The nonlinearity introduced by the min operator in the evolution of the output tem-
perature of the CRAC nodes can be removed if we assume Te(7) < iy o(7), for all 7 € R,

or if we assume Tyef(7) > Tinc(7), for all 7 € R. We define the (N + C' + E) x 1 vectors

T

K=k ... ky kst -0 kyio knion oo knviorm

62



and

lI>

Ci ... CnN 0 ... 0 CN+C+1 -+ CN4+C+E;

We consider at first the case Tref(7) < Tine(7), for all 7 € R. Under this hypothesis,

the state evolution of the thermal network can be written as

- Pu(T) Pe(7)
Tout,NUCU51 (T) = AT,CtTOut./\/’UCU& + BlT,ct + BZT,ct
Tref(T) Thuse, (T)
where
diag{ky}
Ar o = diag{—k} + diag{0} W invucus Mucug ]
diag{ke, }
diag{cy} 0
BlT,ct = 0 diag{kc}
0 0
0 diag{kN}\IJ[Mgﬂ
BQT,ct = O O Y

diag{ce,} diag{ke } Ve, &,

(4.7)

With a slight notation abuse, we denoted with 0 the null matrix, i.e., the matrix whose

elements are all 0. Note that the power consumption of CRAC units is still described by

a nonlinear equation.

Under the hypothesis Tief(7) > Tie(7) for all 7 € R, the dynamic evolution of the
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thermal network is linear and the matrices Ay and By, , are

diag{kn}
Ao = diag{—k} + diag{kc} Yinvucus MucuE s

diag{ke, }

diag{cy} O

BlT,ct - O O )

0 0
0 diag{kN}\IJ[Mgﬂ

BzT,ct = 0 0

diag{ce,} diag{ke, } Ve, ¢,

We focus now on the stability properties of the thermal network. In the rest of the
dissertation the case Tref(7) < Tine(7) will result more relevant than the case Tree(7) >
Tnc(7) and hence, we only consider the former case in the stability analysis.

According to the notation earlier introduced and considering the index set Z = N U&;,
we can define the vectors

A Touin A T v A kyv A | OV A | PN
ToutZ = y Linz = ) kz = = =

Touté‘l 1-111151 kgl c51 p£1

and matrices

Yivar Yive IV.C]
Vizz = , Yizg £ :
Ve n VYiea) Ve
Vel
Vize) = ; Ui,z £ l‘lf[c,/\/] \I’[c,sﬂ} :
Wi 6

Under the assumptions
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o Tico(7) > Thet(7), for all T € R;
e all of the elements on the vector k are greater than 0;
e all of the elements of the vector ¢ are nonnegative;

* the sum of the elements of Wz z along every row is lower than 1;

then the thermal network has an unique asymptotically stable equilibrium point given by

Towz = ([ —Vzz) " WzaTe+ (I — Uiz z) 'diag{kz} *diag{cz}ps+

(- \P[sz])fl\l’[z,sz}TOut& (4.8)

\ ToutC = ,I}efa

where we neglected the dependency of the variables from time variable 7. The proof of the
invertibility of the matrix (I — Wz z) ' is given in App. A.5. The proof of the stability of
the thermal network is given in App. A.6.

Requiring the sum along the rows of the elements of Wz z to be lower than 1, corre-
sponds to constrain the input temperatures of all of the thermal server nodes and envi-
ronment nodes in the first group, to be affected by the output temperature of at least one

CRAC node, or by one environment node of the second group.
4.3.5 Computational network

We model the computational network using a fluid approximation of the workload execu-
tion and arrival processes, i.e., the workload is represented by job flow rates rather than as
discrete jobs. The proposed workload modeling approach represents a first-order approxi-
mation of a queuing system. The strength of the proposed approach resides in its simplicity
which allows an uncluttered discussion of the model and of the control approach. On the
other hand, a certain amount of computational details of a data center are not included in
the model. We consider the approximation provided by the proposed model adequate for

the goal of the data center controller. However, when additional details of the system are
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relevant, more refined approximations can be considered [36].

Due to the fluid approximation, the number of jobs in class j arriving at the data center

over the interval [7, 7 + j) belongs to the set of the real numbers and we can write
VT, 7+ h) = / AV (1) dt,

where A" (7) is the rate of arrival of jobs in class j at time 7. In the rest of the disserta-
tion we assume that the variables {\"(7)} are continuous. Consider the case where the
variables {s?(7)} are constant. Due to the fluid approximation and to the assumptions
about the scheduler behavior given in (3.22), for all 7h € R and h > 0, i € N, and
jeA{l,...,J}, we have

al(r, 7+ h) = ™ (r,7 4 h)sl(T). (4.9)

With respect to (3.25), we observe that the fluid approximation removed the uncertainty
related to the policy of the scheduler on the allocation of jobs among the zones, represented

by the random vector a(r, 7 + h).

The number of jobs in class j arriving at the i"* computational node over the interval

[T, 7 + j) belongs now to the set of the real numbers and we can write
drren) = [ N,

where ,\g' (7) is the rate of arrival of jobs in class j at time 7 to the i* computational node.

Since (4.9) holds for every h > 0, we have

M(1) = A"I(7)sl(r), forallie N, and j € {1,...,J} (4.10)

7

and (4.10) holds almost everywhere. In the rest of the dissertation, we assume that (4.10)

holds for every 7 € R.
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Figure 4.2: Components of the input, state, and output variables related to jobs in class j
of the #*" computational node.

The number of jobs in class j departing from the i** computational node over the

interval [7,7 + j) can be written as
. T+h .
d(r, 7+ h) = / ! (t)dt,

where 7}{ (7) is the rate at which the jobs in class j depart, after being executed, from the
i'" node at time 7. The migration of VMs from the servers in the i* zone, to servers in
the h'" zone, is modeled via the migration of jobs from the ¥ computational node to the
h'" computational node. With 5}’”(7) we denote the rate at which jobs in class j migrates
from the i"* computational node to the A'* computational node at time 7. Figure 4.2
illustrates the variables related to the 7*” computational node. In the figure, we only show

the variables related to jobs in class j.

The total rate at which jobs in class j arrive at the i node at time 7 is
N(r) £ N(r +Z£§h (4.11)
The total rate at which jobs in class j leave the i node at time 7 is
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For all j € {1,...,J}, the evolution of the amount of workload at the i* computational

node is given by
H(r) = N(r) = (7). (4.13)

The rate at which the length of the queue of the i node grows, depends on the difference
between the total rate at which jobs arrive at the node and the rate at which jobs depart

from the node.

The data center controller generates the set-points for the zone level controllers about
the desired rate at which jobs have to be processed. With /(1) we denote the desired
workload execution rate of jobs in class j at the i node at time 7 and with 5{”(7) we
denote the required migration rate of jobs in class j from the i computational node to
the A" computational node at time 7. The variables {y(7)} and {(5?11(7)} are used by the
zone-level controllers to decide the state of every thermal server node and the association

between server thermal nodes and computational nodes, i.e., the values of the vectors ¢(7)

and 0(7).

With #/(t)(7) we denote the rate at which jobs in class j are required to depart from

the i*" zone at time 7. The variables {7 (¢)(7)} are defined as

ﬂg(T)é/Lz(T)+Z5fL,i<T), forall je{1,...,J},ie N,7 €R. (4.14)
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For all i € N and j € {1,...,J}, we have

(

| Wl(r) () > 0 or N(E) > ul (1)

m(r) = S (4.15)
M(t) otherwise

\

(

(%1(7) if lzj(T) >0 or S\g (t) > ﬂij(t)

io(r) = & () . , .
h,z( ) #(AJ(T)—UZJ-(T)) otherwise

N i
> 5%,2'(7)
h=1

(4.16)

\

Eq. (4.16) considers the case where every computational node processes as many jobs
as possible. When the desired departure rate is higher than the rate at which jobs enter
the node, then no jobs are sent to other computational nodes. This specific policy for
the computational node simplifies the model used by the controller to predict the rate at
which jobs are processed by every node. When necessary however, other policies may be
considered. The proposed model for describing the job execution rates in a zone is suffi-
cient for our purposes, but we note that it can be extended to include different migration

policies, workload classes, hardware requirements, and interactions among different types

of workloads [48, 50, 52].

4.3.6 Dynamics of the computational network

We now want to derive a compact form of the equations discussed in this subsection using
vectors. The nonlinear relationships in (4.15) and (4.16) cannot be written in a simple

vectorized form and we shall keep them in their current forms.

We define the J x 1 vector of job arrival rate at the data center

AV(T) £ AWL(r) o A7)
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and the (N - J) x 1 vectors
s(r) £ {31(7’) oo si(T) sh(T) oL s%(r)} -

/\(T)é[mf) N @E) Mmoo A{V(T)]T.

The vector s(7) is the vector of relative job allocation among the zones and A(7) is the
vector of job arrival rate to each of the zone. Note that A(7) does not consider the exchange

of jobs among the zones.

Using the operators diag{-} and diagg{-;-}, already introduced in Sec. 3.3.5, we can
transform the vector A" (7) into the matrix A(7) defined as A(7) £ diagp{diag{\" (7)}; N}.

Eq. (4.10) can now be written as

(1) = AV (7)s(7).

Let us define the (N - J) x 1 vectors

A(r) £ | X(r) M(r) A7) M|

n(r) £ _77%(7) m (1) na(7) ()|

n(r) = _ﬁ%(T) i (1) i(T) ()|

(1) £ | 7} (7) o (1) 5(T) ’7}{/(7)_ )
and

Ur) = |i}(7) H(r) B5(r) 1 (1)



We also define the (N?-.J) x 1 vector

€2 1ea() galn) - ) i) o ()

1T

O(T) £ |61 (1) Sla(r) oo Sn(r) G3a(r) o o Sn(T)

Using two matrices By and B,,, which consider the correct sets of elements of the vectors

&(7) and 6(7), we can rewrite (4.11), (4.12), and (4.14) as

A7) = A7)+ Bp&(7) (4.17)
n(r) = n(r)+ B,&(7) (4.18)
v(r) = p(r)+ B,o(7). (4.19)

Due to the fluid approximation, we can now describe the evolution of the length of the
queues of all of the zones in the data center via the rate at which jobs arrive and depart.

Eq. (3.28) can now be rewritten as

I(1) = A7) — (7). (4.20)
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The dynamic evolution of all of the nodes in the computational network is given by

7

J
h,i

(7)

diagp{diag{\" (7)}; N}s(r)
A(T) + Br&(7)

n(7) + By&(7)

p(7) + B,d(7)

A(r) = 2(7)

Forallie N, je{l,...,J}

(

(4.21)

pi(r) 1L E(r) > 0 or M(t) > pl(t)

S\f (t) otherwise
>
5.4(7) if 1(7) > 0 or X(t) > #(1)

5?1,1‘(7')

N (5\5(7) —nl (7)) otherwise
h§1 5?172'(7')

The state of the computational network is the vector I(7). The outputs of the computa-
tional networks are the vectors &£(7) and n(7). The inputs of the computational networks
are the vectors AW (1), s(7), 6(7), and pu(7). The controllable inputs are the vectors s(7),
0(7), and p(7). The dynamic of the computational network is nonlinear. The nonlinearity

are related to the way the values of the vectors n(7) and &(7) are computed.

4.4 Dynamics of the data center

The dynamics of the data center is obtained by considering the dynamics of the thermal

network, the dynamics of the computational network, and the way jobs execution affects
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thermal server node power consumption. We can write

(

A(T) = diagp{diag{\" (1)}; N}s(7)
A7) = A(7) + B)&(7)
n(7) = n(7) + By&(7)
v(7) = p(7) + B,6(7)
I(1) = A(7) — #(7)
Forallie N, je{l,...,J}
| W (r) () > 0 or N(1) > (1)
1 (7) =9 - ,
X/(t) otherwise
5?12(7') if /(1) > 0 or 5\5 (t) > 7 (t)
fiz(T) = M(S\f(ﬂ—ni(r)) otherwise
> 5i,i(7)
h=1
(4.22)
P (T) = Aan(7) + Bsl(7)
Tout,N(T) = diag{_kN}Tout,/\/(T>+
diag{kn } T (7) + diag{cn tpy(7)
Tse(r) = diag{—ke}Touselr) + diag{ke} min { T (7). T(r) §
Tout,c‘fl (T) = diag{_kgl}TOUt,gl (T>+
diag{ke, } T g, (7) + diag{ce, }ps, (T)
Tionocue, (T) = ivueue, vucue Tounucus, (T) + Yivueue, &) Toute (T)
For all: € C
irm 1(7_) - Tout 1(7_)
fz D Tymz Toutz
pi(7) _ " CoP( Touti(T)) ()2 (")
\ 0 Tini(7) < Tout,i(T)
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where we defined the N x (N - J) matrices A, and B as

The variables at the data center level can be divided as

¢ Input variables
» Controllable
— Desired job execution rate, p(7).
— The desired rate of job migration among zones, (7).
— The relative amount of jobs assigned to every node, s(7).
— The reference temperature vector of CRAC nodes, Tyef(7).
* Uncontrollable
— The power consumption values of the environment nodes modeled by (3.20),
Pe, (7)-
— The output temperatures of the environment nodes modeled by (3.21),
Toute, (7).
— The rate at which jobs arrive at the data center at time 7, AW (7).
e State variables
* The output temperature of thermal nodes, Tounicue, (7)-
= The number of jobs in VMs, (7).
¢ Output variables
* The input temperature of thermal nodes, Ti,xucug, (7).

= The power consumption of server and CRAC nodes, p.(7),.
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* The rate at which jobs depart from VMs after being executed, n(7).

The model in (4.22) does not contain discrete-valued variables. Also, since only the
mean values of the random variables is considered, the model is deterministic. The model is
still nonlinear, however the lack of discrete-valued variables and the use aggregated model

make now possible the use of MPC approaches.

4.5 Equilibrium point and stability analysis

In Sec. 4.3.4, we discussed the stability of the thermal network as if its evolution was
separated and independent from the evolution of the computational network. In this
section we want to study the stability of the whole system, where the evolution of the

computational and of the thermal network are coupled.

Assume that

Toc(7) > Tiet() for all 7 € R;

all of the elements on the vector k are greater than 0;

all of the elements of the vector ¢ are nonnegative;

the sum of the elements of ¥z z along every row is lower than 1;

For all 7 € R, pu(7) > X, 6(7) =0, and s(7) is constant.

Under these hypotheses, the data center has an asymptotically stable equilibrium point at

) . Py
Towz = (I —Vzz) " WzaTe+ (I — Uiz z) 'diag{kz} *diag{cz} +

Ps,
([ B \IJ[Z,Z])_I\D[Z,SQ]Toutgz
Toutc == ﬂef.
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and the other variables have values

£E=0, Py (7) = diag{a},
Tin/\/ UCuUE; — ‘I’[N UCUEL N ucusl}ToutNUCUgl + ‘I’W UCUE, ,52]T0ut,52

and for all i € C
f ,-Tin,i - Tout,z'
i — L,Cp -
P pCOP(Tout,i>

Note that the condition T} < Ti,c has to hold also at the equilibrium point. Appendix A.7

discusses the proof of the stability (in the Lyapunov sense) of the equilibrium point.

4.6 Predictive discrete-time model of the data center

The coordinated and the uncoordinated controllers use a discrete-time version of the contin-
uous time model previously discussed. We introduce at first the notation for discrete-time

variables and then, we introduce the notation used in the predictive model.

Let z(7) be a generic continuous-time variable and let ¢, and A be two real numbers
with A > 0. The value assumed by x(7) at the beginning of the k' interval is z(to + Ak)
and we define z(k) £ z(to + Ak) for all k € Z. Let z(k) be a discrete-time variable and let
h and k be two integer numbers with A > k. With Z(h|k) we denote the estimated value

of #(h) based on the information available up to the beginning of the k* interval.

The presence of nonlinearities in the data center model makes the discretization of (4.22)
a nontrivial step. We discretize the thermal part of the data center considering an Euler
discretization under the hypothesis that Tief(7) < Tie(7) for all 7 € R. In order to

simplify the notation, in the discrete-time model, job departure and arrival rates represent
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the number of jobs arrived and departed during the k* interval. In such a case, the
evolution (over the discrete-time) of the number of jobs in the computational network can

be written as

Uk + 1) = L(k) + (k) — 7(k). (4.23)

Over the discrete time, (4.15) and (4.14) are approximated as

. 1] (k) if 2 (k) + N (k) > i (k)
m(k) = (4.24)
lf(k) + S\f(k) otherwise

\
(

| 67, (k) if 1 (k) + N (k) > 7] (k)

S PO (B + Xk — (k) oth )
N o (k) + X (k) —n] otherwise.

| S 6L !

Note that the vector (k) represents now the number of jobs departed from the zones
over the k' interval whereas the vector 1(7) represents the rate at which jobs depart from
the zones. In such a case, the coefficients of the vectors {a;} defined in (4.2) have to be

scaled appropriately so that we can maintain the relationship

P (k) = Aan(k) + Bsl(k).

Since the coordinated and the uncoordinated controller observe the data center only
over the discrete time, the constraints considered by the controllers are enforced only at

the beginning of every control interval.

4.7 Constraints on the control variables

The desired rate at which jobs should be processed by a zone is bounded between 0 and
the maximum rate at which the servers in the zone can process jobs. With ﬂg we denote

the maximum number of jobs in the j* class that the i** zone can process over a control
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T
time interval. We define the (N - J) x 1 vector 1 = [ﬂ% ﬂ%] . The bounds on the

variables {1/ (k)} can be written as

0 < uk) < A (4.26)

The desired number of jobs to be migrated from one zone to another depends on the
number of jobs available in the zone at the beginning of the time interval and, on the
number of jobs that will arrive to the zone over the interval. We set the bounds for the

vector d(k) as

0 < (k) <Uk) + A(k) + Br&(K) (4.27)

As earlier discussed, the elements of the vector s(7) are all bounded in the interval [0, 1]
and, for all j € {1,...,J} we have 3.1 | s/(7) < 1. Using the vectors earlier introduced,

we can write

0 <s(k) <1, Bgs(k) <1, (4.28)
where the J x (N - J) matrix By is used to correctly align the elements of s(k).

The reference temperature vector is bounded by physical limits imposed by the CRAC

unit. Let Tref’i and T’

ref,i

be the upper and the lower bound of Ti.;(7), respectively and

define the C x 1 vectors

Tref,l

Iref, 1

N
e
13
N
8
(>

Iref,C Tref,C

The constraints on the vector Ty.¢(k) can now be written as

Tret < Tret(k) < Trer. (4.29)
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4.8 Formulation of the data center control strategies

In this section we discuss a formulation of the three data center controllers earlier intro-
duced: baseline, uncoordinated, and coordinated. In this note the controllers are derived
assuming that performance metric is the minimization of a combination of the total ex-
pected data center power consumption and the expected number of jobs dropped. The

combination can be written as

k+T-1

> ( ﬁi(h!/f)> —b"5(hlk), (4.30)

h=k

where T is the number of steps in the future that the controllers consider and b is a
nonnegative vector. This particular performance metric is not specific to the controllers

and others will be considered in the following of the dissertation.

The uncoordinated and the coordinated subsections discuss also the feasibility and
the stability properties of the two controllers. The feasibility of the controller refer to
the ability to solve the optimization problem at future steps, given that a solution was
found for the current step. The stability of the closed-loop system deals with the existence
of equilibrium points for the closed-loop systems and on their stability properties. The
analysis is developed assuming that the predictions of future job arrival rate are perfect.
When predictions errors have to be considered, then robust version of the proposed results

must be searched.

4.8.1 Baseline controller

The baseline controller sets the control variables to

(4.31)



The baseline controller does not attempt to tune the control strategy based on the current

state of the data center, or on the chosen performance metric.

4.8.2 Uncoordinated controller

The uncoordinated controller synthesizes its control law by solving two optimization prob-
lems. The first optimization problem only considers the discrete-time evolution of the
computational network. The second optimization problem only considers the discrete-time
evolution of the thermal network. We assume the two optimization problems have the
same horizon length, i.e., they consider the evolution of the two networks over the same

number of steps. Let T be the time horizon considered by the two optimization problems.

With
M = {a(kIR), .. ol + T — 1]k}

we denote the set of variables {fi(h|k)} over which the optimization problem is considered.

Similarly, we define the sets

S = {8(k[k), ..., 8(k+T—1Jk)},

D ={b(klk),...,6(k+T—1Jk)},

and

Tret = {Toes(k|K), . .., Toes(k + T — 1]K)}.

At the beginning of every interval, the uncoordinated controller solves at first the
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following optimization problem

k+T—1 / N
1. min 2 <~:1 pi(h]k)> — b"5(hlk)
s.t. foralh=%k,....k+T—1

computational dynamics
0 < &(hlk) < I(hlk) + A(hlk) + Br&(hk) (4.32)
0 < a(hlk) <R,
0 < s(hlk) <1,
Bss(hlk) <1
L(k|k) = L(k).

Based on the solution obtained for the optimization in (4.32), the second part of the

uncoordinated controller generates and solves the following optimization problem

k+T—1 N+C
2. min » Y pi(hlk)
Trer h=k i=N+1

s.t. foralh=Fk, ... k+T -1
thermal dynamics (4.33)
Toot < Tree(hlk) < Tret
Tl + 11%) < T
Tout(k|k) = Tou (k)

The uncoordinated controller attempts to minimize the total average data center con-
sumption by minimizing, at first, the expected power consumption of the zones and then,
by minimizing the expected power consumption of the CRAC nodes. Furthermore, since
CRAC nodes are not considered and controlled during the first part of the optimization
problem, the vector b has to be rescaled in order to account for the missing contribution

to the average power consumption given by the CRAC nodes. The specific formulation of
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the uncoordinated controller shows that the chosen performance metric may not be exactly

represented by the controller and approximations have to be considered.

The uncoordinated control strategy is typically considered in modern data centers where
the management of I'T and of CT are demanded to two independent controllers. The first
controller attempts to maximize the efficiency of IT subject to a given set of constraints
about the QoS provided to the users. The second controller attempts to maximize the
efficiency of the CT subject to a given set of constraints about the inlet temperature of
IT. We show in the next chapter how this suboptimal approach may be, in some cases, as
optimal as the solution obtained by a coordinated controller where I'T and CT are managed

in the same optimization problem.

Feasibility. The current form of the uncoordinated optimization problem always allow

the solution

s(hlk) =0, p(hlk)=m, 6(hlk)=0, forallh=Fk, ... k+T—1.

If for all admissible values of the vectors {p,(h|k)}, the second optimization problem
admits a solution, then the feasibility of the uncoordinated controller is guaranteed. From
a practical point of view, this condition means that the number and the position of the
CRAC units are adequate for cooling the servers for any admissible amount of heat that

the servers can generate every second.

Stability. Stability is not guaranteed for the closed-loop system.

4.8.3 Coordinated controller

The coordinated control strategy is based on a discrete-time MPC approach and it manages
the IT and the CT resources in a single optimization problem. The sets M, S, D, and T,

are defined as in the uncoordinated controller case. At the beginning of every interval, the
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coordinated controller solves the following optimization problem

k+T—1 /N+C
. ) o T/\
i > <Z pz(h\k)> b"5(h|k)

h=k \ i=1
s.t. foralh=%k,....k+T—1
computational dynamics
thermal dynamics
0 < 8(hlk) < I(h|k) + A(h|k) + Bx&(h|k)
0 < p(hlk) <p
0<s(hlk)<1 (4:34)

B.é(hlk) <1

Tt < Toer(h|k) < Trt

T (h+1]k) < T,
L(k|k) = 1(k)
Tout(k|k) - Tout(k)

Py (k|k) = Aam(k) + Bsl(k).

A drawback of the coordinated controller is the complexity of the optimization problem
that has to be solved. Typically the optimization problem is non-convex and large. Local
optimal solutions may yield control strategies that are worse than those obtained by an

uncoordinated controller.

Feasibility. Note that in the current formulation of the coordinated controller, the

control inputs

s(hlk) =0, fu(hlk)=m, 8(hlk)=0, foralh=Fk, .. k+T—1

enforce the control constraints. Such sequence of input variables sets to zero the power

consumption of the zones. The feasibility of the coordinated controller is proved if, for
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every vector Thy (k) such that T (k) < T, there exists a sequence of vectors Tiee(h|k)

such that

T (h|k) < Ty,

forall h=Fk+1,..., T+ k.
Stability. The coordinated controller does not guarantee the stability of the close-loop

system.

4.9 Summary

This chapter discusses the proposed control approach. The approach is based on a hierar-
chical/distributed control strategy. The hierarchy is composed of three control levels and
the chapter focuses on the controllers at the highest level of the hierarchy.

Three controllers are discussed: a baseline controller, an uncoordinated controller, and
a coordinated controller. The controllers are representative approaches of control strategies
that can be implemented in real data centers. The controllers also take advantage of the
unified, thermal-computational model of the data center in different ways. The baseline
sets the values of the control inputs so as to satisfy the control constraints for the worst-
case scenario, but it does not attempt to maximize the performance of the data center.
The uncoordinated and the coordinated controllers attempt to maximize the performance
of the data center via a MPC approach. The uncoordinated neglects the coupling between
the computational and the thermal network, whereas the coordinated controller considers
such a coupling. The coordinated and the uncoordinated controllers do not guarantee the
stability of the system. As discussed in Sec. 4.5, there are conditions under which the
data center, when it operates without a controller, has a unique and asymptotically stable
equilibrium point. The coordinated and the uncoordinated controllers however, in the

attempt to maximize the performance of the data center, may destabilize the system.
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Chapter 5

Performance analysis of data-center-level con-

trollers

This chapter discusses the analysis of the data-center-level controllers under a variety of
scenarios. The results discussed in this chapter have been obtained by simulating the
behavior of multiple data centers under a variety of scenarios. The following section gives
a brief introduction to the data center simulator we developed in MATLAB. Section 5.2
discusses the data center layout used for developing most of the simulations. Section 5.3
analyzes the performance of the baseline, uncoordinated, and coordinated controller for
multiple, constant, workload arrival rates. Section 5.4 discusses the index proposed to
characterize the savings that can be obtained by using a coordinated controller with respect
to an uncoordinated controller. Finally, Sec. 5.5 summarizes the results discussed in this

chapter.

5.1 Introduction to the MATLAB simulator

The simulations hereafter discussed are developed using a collection of integrated MATLAB
routines, created by us, which we call data center simulator. The simulator is developed
following a modular approach. Figure 5.1 shows the blocks which compose the data center

simulator. Every block represents a collection of MATLAB files which implement a certain
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i > Lo
Init > Controller mangger
A
Control State
inputs
‘l’
»| Data center simulator > Graph
»| manager
)

Figure 5.1: Functional blocks that compose the data center simulator.

function of the simulator.

The block Init is responsible for calling, in the right order, the initialization functions
of the other blocks. For example, the Data center simulator blocks initializes all of
the data structures necessary to run the simulation, the Controller blocks generates the
optimization problem of the data center controllers (when an optimization problem is used),
the Log manager opens the file which will store simulation logs, and the Graph manager

blocks generate the graphs where the plots will be drawn.

The Data center simulator block is responsible for simulating the evolution of the
data center over time. When necessary, the Data center simulator block passes all of
its data to the Controller block in order to generate a new control input. User messages,
such as error and warnings, are managed by the Log manager block. The Log manager
block formats the data uniformly and, among other data, adds a time-stamp to each of
the message written on the log file. The Graph manager block is responsible to handle the
plots. The plots are updated every few seconds so that the evolution of the data center

can be observed while the simulation runs.

All of the data center data are stored in a struct data type called Parameters. This
allows (but not always guarantee) that the data are passed by reference among the multiple

functions used to simulate the data center and to synthesize the control inputs. Such an
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Zone 7 Zone 5
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Crac 3 Crac 1

Figure 5.2: Data center layout: 8 server nodes (blue) and 4 CRAC nodes (orange).

approach reduces the amount of data that have to be copied from one function to another
and speed-up the execution of the simulation.

The data center simulator is developed considering three design goals: modularity, per-
formance, and code readability. The blocks in Fig. 5.1 are composed by multiple functions,
each focused on a single goal. Functions and variables have meaningful names so that
they can be easily maintained and used by multiple users. The functions also avoid the
use of loops as much as possible, without however, compromising the readability of the
code. If necessary, part of the data center simulator code can be reimplemented using mex
files. This would take fully advantage of the performance tools available in the MATLAB

language.

5.2 Data center layout

The simulation results discussed in this chapter refer to the data center layout shown in
Fig. 5.2. The picture represents a small data center containing 32 racks and 4 CRAC units.
The CT comprises 4 CRAC units which cool the servers through a raised-floor architecture.
Racks are grouped into eight zones. Three racks are contained in every zone and every

rack contains 42 servers. Under the same workload, servers in zones 5 to 8 consume 10%
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Figure 5.3: Coefficient of performance of the CRAC units for different output temperature
values [44].

less power than other servers, but they are not cooled as efficiently as the servers in zones
1 to 4, which are closer to the CRAC units. The maximum power consumption of the
servers in zones 5 to 8 is 270 (W) and the maximum power consumption of the servers in
zones 1 to 4 is 300 (W). It is assumed that every zone has a local controller that forces
the zone to behave as postulated in the data center model, i.e., the amount of power
consumed by every zone is proportional to the workload execution rate. CRAC units are
identical and their efficiency, i.e., their COP, increases quadratically with respect to their
output temperatures. The relationship between the output temperatures of the CRAC
units and their COP is shown in Fig. 5.3. The values of all of the parameters used in
the simulations enforce the constraints discussed in Sec. 4.5. This implies that, if the
controllers use constant input control values that enforce all of the given constraints and
those additional constraints discussed in Sec. 4.5, then the existence of an equilibrium point
and its stability are guaranteed. The maximum input temperature allowed for every zone
is 27 °C, i.e., T,, = 27. This constraint reflects the environmental guidelines given by the

ASHRAE [5].
The specific layout was chosen because it highlights the trade-off that controllers have
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to make between using energy-efficient servers and efficiently cooled servers. Furthermore,
we decide to limit the number of zones and CRAC units in the simulation in order to

facilitate the analysis of the results.

The simulations are obtained via the MATLAB simulator. The ToMSYM language
is used to code the optimization problems into the MATLAB simulator. The numerical

solver used to solve the optimization problems is KNITRO 7.0.!

5.3 Analysis under constant workload arrival rates

This section discusses the performance of the baseline, uncoordinated, and coordinated
control algorithm under the assumption of a constant workload arrival rate. The perfor-
mance of the three controllers are evaluated in the ideal case where the controllers have
perfect knowledge about the data center. The performance metric for all of the three
controllers is the minimization of the long-term average data center power consumption.
Aside from the constraints on the inlet temperature of the zones, the controllers have to

enforce the following additional constraints:

e The desired job execution rate of every zone must be greater than, or equal to the

job arrival rate.
® No jobs can be dropped.
e No jobs can be migrated from one zone to another.

The values of the parameters used for the simulation are set so as to guarantee that
the three constraints do not lead to an unfeasible optimization problem. For example,
the parameter values are set so that the maximum job execution rate is greater than the
maximum rate at which jobs arrive to the zone. Also, the maximum cooling capacity of
the CRAC units is set to be greater than the maximum amount of cooling required by the

zones.

'http://tomsym.com/ and http://www.ziena.com/knitro.html .
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In the simulations we compare the power usage effectiveness (PUE) obtained by the
three controllers. The PUE is a measure, typically used in industry, of data center efficiency
and it is defined as the ratio between the total data center power consumption over the
power consumption of the IT [71]. Since no environments nodes are considered in the

simulation, the PUE of a data center at time 7 can be written as

Z pi(7) Z pi(T)
PUB(r) & S =14+ (5.1)
Z pi(T) Z pi(7)

The second equality in (5.1), shows that the PUE values increase with the ratio between the
total amount of power consumed by CRAC units and the total amount of power consumed
by the zones. A PUE of 1.0 indicates that all of the data center power consumption is due
to the IT. Data centers based on state-of-the-art cooling and load balancing technology can
reach PUE values of 1.1, i.e., 90.9% of the total data center power consumption is consumed
by IT [51].2 A drawback of PUE is that it does not take into account IT equipment
efficiency. In this simulation however, the zone power consumption grows linearly with
respect to the rate at which jobs are processed. Therefore, the efficiency of IT is known
and constant. In such a case, the PUE is an informative index and it helps us to compare
the cooling efficiency obtained by the three control algorithms under the same job arrival

rate.

The total data center power consumption and the PUE values are shown with respect

to the average data center utilization. The average data center utilization is defined as

the mean values of the ratios % forv=1,...,8. When the average utilization is 0 then

k3

zones process no jobs. When the average utilization is 1 then zones process jobs at the

maximum allowable rate. The behavior of the three controllers is not considered for small

2Data from http://www.google.com/corporate/datacenter/efficiency-measurements.html
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Table 5.1: Average and standard deviation values of » ; ¥ij. The coefficients refer to the
graphs in Fig. 5.4 and Fig. 5.5.

j— Zones 1 — 4 Zones 5 — 8 CRACs

31 Avg. Std. Avg. Std. Avg. Std.
Zones 1 — 4 0.04 2.6e-6 0.03 2.2e-6 0.93 4.8e-6
Zones 5 — 8 0.05 9.9e-7 0.52 4.8e-5 0.43 4.8e-5

CRACs 0.63 2.0e-5 0.25 4.3e-5 0.12 2.3e-5
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Figure 5.4: Average data center power consumption for different utilization values.

average utilization values since, at very low utilization values, nonlinearities of the I'T and
CT neglected in the proposed model become relevant. The coefficients relating input and
output temperatures of zones and CRAC units are summarized in Table 5.1. Since in this
study we focus solely on the average total data center power consumption, we assume that
all of the jobs belong to the same class, i.e., J = 1.

Figure 5.4 shows the total data center power consumption obtained by the three con-

trollers for different average utilization values.

¢ Baseline controller. The total data center power consumption obtained by the

baseline controller grows proportionally with the average data center utilization. The
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Figure 5.5: PUE values obtained by the baseline, uncoordinated, and coordinated con-
troller.

proportional growth is due to two factors. The first factor is the assumption that
rack-level and server-level controllers make the power consumption of every zone to
grow proportionally with the amount of workload that the zones process. The sec-
ond factor is that the reference temperature of every CRAC unit is fixed and always
lower than or equal to the input temperature of the CRAC unit. In such a case, the
CRAC units operate at a constant efficiency and their total power consumption is
proportional to the amount of power that the zones consume. The absence of envi-
ronment nodes in the first group forces the power consumption curve to tend to 0 as
the average utilization value tends to 0. The PUE values obtained by the baseline

controller are shown in Fig. 5.5.

¢ Uncoordinated controller. The total data center power consumption obtained by
the uncoordinated controller is always lower than the power consumption obtained
by the baseline controller. This happens because the uncoordinated controller assigns

as much workload as possible to the most energy-efficient servers, i.e., those servers
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located in zones 5 to 8, and it tries to maximize the efficiency of the CT by setting the
reference value of every CRAC unit to the largest value that still enforces the thermal
constraints. The uncoordinated controllers attempt to maximize the efficiency of the
CRAC units when solving the second part of its optimization problem. Therefore, as
shown in Fig. 5.5, the uncoordinated controller is able to obtained lower PUE values

than the baseline controller.

Coordinated controller. The additional reduction in the data center power con-
sumption obtained by the coordinated controller are due to the coordinated manage-
ment of the zones and CRAC units. In particular, the coordinated controller, de-
pending on the amount of workload that the zones have to process, decides whether
it is more efficient to allocate workload on the energy-efficient servers, i.e., to the
servers in zones 5 to 8, or on the efficiently cooled servers, i.e., to the servers in zones
1 to 4. Taking full advantage of the cyber-physical of the data center, the coordinated
controller is able to further improve the efficiency of the CRAC units with respect
to the uncoordinated controller. Such additional efficiency is reflected in the lower

values of the PUE, as shown in Fig. 5.5.

The power consumption and PUE curves obtained by the uncoordinated and by the

coordinated controller are not smooth because, for some values of the workload arrival

rate, the controllers are unable to locate the true minimum of the optimization problems

they solve. In these cases, the control actions are based on a local minimum that may be

different from the control actions chosen for nearby values of the workload arrival rate.

The results obtained in this first simulation depend, among others, on the particular

thermal coupling between CRAC units and zones and between the zones themselves. We

want now to study how the performance of the coordinated and of the uncoordinated con-

troller change when different thermal coupling exist in the data center. We study therefore,
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Table 5.2: Average and standard deviation values of > ; ¥ij. The coefficients refer to the
graphs in Fig. 5.6 and Fig. 5.7.

j— Zones 1 — 4 Zones 5 — 8 CRACs
31 Avg. Std. Avg. Std. Avg. Std.
Zones 1 — 4 0 0 0 0 1 0
Zones 5 — 8 0.3 2.9e-5 0.4 8.0e-6 0.30 2.9e-5
CRACs 0.51 5.6e-5 0.34 3.4e-5 0.15 2.5e-5
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Figure 5.6: Average data center power consumption for different utilization values. All of
the zones are efficiently cooled.

the performance of the three controllers under other data center cases.

In the second simulation, we focus on a case where the inlet temperatures of the servers
in zones 1 to 4 equal the supplied air temperatures of the CRAC units, i.e., Zj i~ 1
when i is the index of the zones 1 to 4 and j represents the CRAC units only. Also, in the
second simulation the servers in zones 1 to 4 are subject to less air-recirculation than in the
first simulation case and their inlet temperatures depends more on the output temperatures
of the servers in zones 5 to 8. In this new simulation, where all zones are efficiently cooled,

the coordinated and the uncoordinated have the same performance. Therefore, for data
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Figure 5.7: PUE values obtained by the baseline, uncoordinated, and coordinated con-
troller. All of the zones are efficiently cooled.

centers that fall into this case, an uncoordinated controller is a viable control approach
since it is as optimal as the coordinated one and simpler to implement. Figure 5.6 shows
the total data center power consumption obtained by the three controllers in the second
simulation. Table 5.2 summarizes the values of the coefficients relating input and output
temperatures of zones and CRAC units for this simulation. The other parameters did not
change. The PUE values obtained by the three controllers for this simulation are shown

in Fig. 5.7.

In the third simulation we focus on the case where large variability exists between the
efficiency at which servers in zone 1 to 4 are cooled and the efficiency at which servers
in zone 5 to 8 are cooled. Table 5.3 summarizes the values of the coefficients relating
input and output temperatures of zones and CRAC units for this simulation. The other
parameters did not change. Figure 5.8 shows the total data center power consumption
obtained by the three controllers in the third simulation. In this new simulation case, the

PUE values obtained by the coordinated and by the uncoordinated controller, shown in
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Table 5.3: Average and standard deviation values of > ; ¥ij. The coefficients refer to the
graphs in Fig. 5.8 and Fig. 5.9.

j— Zones 1 — 4 Zones 5 — 8 CRACs
31 Avg. Std. Avg. Std. Avg. Std.
Zones 1 — 4 0.08 0 0.08 0 0.84 0
Zones 5 — 8 0.08 7.0e-8 0.66 4.8e-5 0.26 4.8e-5
CRACs 0.57 b5.4e-5 0.18 9.0e-5 0.25 4.1e-5
900 A
800
7001
—~ 600
£ 500
o
= 400
o
T 500
200
—— Coord
100 —4— Uncoord
Baseline
0 : : : : K
0 0.2 0.4 0.6 0.8 1

Average utilization

Figure 5.8: Average data center power consumption for different utilization values. Large
variability among cooling efficiency of the zones.

Fig. 5.9, strongly depend on the average utilization of the data center.

The simulations discussed in this section show that at very high or at very low level
of data center utilization, different control approaches yield the same performance. In
these cases, the use of the baseline control strategy is a viable solution. The largest
performance improvements, i.e., the largest reduction of the total data center average power
consumption, are obtained when data center utilization is about 0.5. Such a results was
expected. When no servers are used, they generate no heat (we assume a linear relationship

between job execution rate and zone power consumption) and CRAC units remove no heat.

96



—ah
3,
2.5
L
o
o o
1.54
—— Coord
—— Uncoord
Baseline
1 T T T T T
0 0.2 0.4 0.6 0.8 1

Average utilization

Figure 5.9: PUE values obtained by the baseline, uncoordinated, and coordinated con-
troller. Large variability among the cooling efficiency of the zones.

When instead, all of the server resources are used, then controllers are forced to use all of the
available cooling and computational resources of the data center and they cannot improve
over the baseline strategy. Only when the controllers can choose where to allocate jobs
among zones and how to cool the zones, then the control performances of coordinated,
uncoordinated, and baseline controllers are different from each other. The assumption
about the proportionality between the job execution rate and the zone power consumption
is fundamental for these simulations. Such an assumption is reasonable when zone level
controllers can turn-off unused servers and hence, remove the idle power consumption of

Servers.

5.4 A cyber-physical index for data centers

Given a data center, it would be useful to estimate a priori how much energy it could
be saved by using a coordinated controller rather than an uncoordinated one. Towards
this end, we define relative efficiency the ratio between the area below power consumption
curve obtained by the uncoordinated controller and the power consumption curve obtained

by the coordinated controller. With the appropriate weights, the relative efficiency can be
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mapped into the average monthly, or average yearly energy savings obtained by using a
coordinated controller with respect to an uncoordinated controller.

Consider a data center at its thermal and computational equilibrium and assume that
all of the constraints satisfied. Under the hypothesis that no environment nodes are in the

data center, (4.8) leads to

Ton = (I—Vpn) 'diag{kn} ' diag{en}Aan + Vo Tret 5.2

= Ln+ YT,

where £ = (I — Uy pq) 'diag{ky} diag{cy}Aq.
The variations of the input temperatures of the thermal nodes with respect to a vari-
ation of the workload execution rate and with respect to a variation of the reference tem-

perature vector can be written as

aIﬂin,J\/’ .
on

8:Tin,/\/
a,—Tiref

L, = Vg (5.3)

The inlet temperature of an efficiently cooled server largely depends on the reference
temperature of the CRAC units and marginally on the execution rate of other servers. Let
i be the index of a thermal node representing a zone. We say the i* node is efficiently

cooled if 3
aT‘in,i
on

H OTin (5.4)

aCZ-;"ef

>|

2 2

The problem with (5.4) is that, with an opportune choice of the scaling coefficient, the

norm of 8%"" can be set to any desired (nonnegative) value. We consider therefore the

T
vector z = [TrefT rr,T] and define the relative sensitivity index of the i node as

87—311 K aﬂn K
aqﬂiref az

3We focus on 2-norm, but other norms can be considered.

s-|

2 2
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When the relative sensitivity index of the i zone equals 1, the input temperature of the
i'" zone uniquely depends on the reference temperature of the CRAC nodes, whereas when
the relative sensitivity index equals 0, then the input temperature of the " zone only
depends on the workload execution rate of the other zones. For all ¢ € N, the index S;
takes values in the interval [0, 1] independently from the scaling coefficient used for 8%‘;”'.

We collect the relative sensitivity indexes in the vector S and define as cyber-physical

index (CPI) of a data center the normalized standard variation of S

CPI = k- std(S), (5.5)

where k is the normalizing coefficient and std is the standard deviation of the elements of

the vector argument.

Figure 5.10 shows the relative efficiency obtained by the coordinated controller for
different data center cases. When the CPI values are larger than about 0.55, the uncoor-
dinated controller is unable to find a cooling strategy that satisfies the thermal constraints
for large values of the average data center utilization and hence, we do not show here
data center cases having index larger than 0.55. When the CPI is almost 0, the relative
efficiency of a coordinated controller is almost 0. As the CPI increases, the efficiency of
a coordinated controller grows exponentially fast. The simulation cases discussed in the
previous section correspond to a CPI of 0.33, 0.04, and 0.52 respectively.

The exponential growth of the relative efficiency as a function of the CPI suggests that,
in order to minimize the power consumption of a data center controlled by an uncoordinated
controller, a careful positioning of the servers should be made. Different locations of a
data center are subject to different cooling efficiency. Given a data center, the relocation
of some of its servers may move the CPI of the data center toward smaller values so that

an uncoordinated controller will be as efficient as a coordinated controller.

The proposed CPI is a first step toward the characterization of data center with respect
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Figure 5.10: Relative savings of the coordinated controller with respect to the uncoordi-
nated controller.

to their cyber-physical features. We recognize however, that the proposed index does not
capture all of the variability in a data center. For example, the efficiency of different CRAC
units is not accounted in the index. Nonetheless, one of the strengths of the CPI is that its
value can be estimated via multiple tests executed on a data center. In order to derive the
index it is necessary to repeatedly change the workload rate and the cooling of different
zones and CRAC units and then, to measure the variation of the input temperature of the
zones at the equilibrium. These tests, should be execute for different values of the average

data center utilization.

5.5 Summary

This chapter compares the performance obtained by the baseline, the uncoordinated, and
the coordinated controller under the assumption of a constant workload arrival rate. Mul-
tiple data center cases are considered in order to understand how the three controllers
behave in a variety of scenarios.

The results discussed in the chapter show that every data center has operating regimes
for which the baseline and the uncoordinated controllers are as optimal as the coordinated

controller. Furthermore, the results show the existence of data center cases for which the
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uncoordinated controller is as optimal as the coordinated one, independently from the
operating regime. An index, called cyber-physical index (CPI), is proposed in order to
characterize how much savings can be obtained by using a coordinated controller with
respect to an uncoordinated controller. The proposed CPI is a first step toward the char-
acterization of data center with respect to their cyber-physical features. The exponential
growth of the relative efficiency as a function of the CPI suggests that, in order to mini-
mize the power consumption of a data center controlled by an uncoordinated controller, a

careful positioning of the servers should be made.
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Chapter 6

Interaction with the smart-grid

In this chapter, an interaction between a data center and the power-grid is discussed. The
goal of the control algorithms is the minimization of the run-time operating cost of the
data center. Such a cost depends on the cost of powering the data center and on the
revenue generated by the execution of jobs with a certain QoS. A baseline controller is not
considered in this chapter, since its open-loop strategy, that does not attempt to maximize
the performance of the data center, would yield the same results already discussed in the

previous chapter.

The chapter is divided as follows. Section 6.1 introduces and motivates the interaction
between a data center and the power-grid. Section 6.2 formulates the run-time operating
cost of the data center used in this chapter. Section 6.3 formulates the optimization
problems of the uncoordinated and of the coordinated controller. Section 6.4 discusses the
parameters used in the simulations. Section 6.5 compares the performance obtained by the
uncoordinated and by the coordinated control algorithm, when a very high cost of dropping
jobs is used in the run-time cost of the data center. Section 6.6 discusses the performance
obtained by two different coordinated controllers. Finally, Sec. 6.7 summarizes the results

obtained in this chapter.
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Figure 6.1: Examples of real-time and day-ahead cost of electricity.

6.1 Data centers as smart-nodes of the power-grid

Data centers can play an important role in the smart-grid scenario because of their high
power consumption density. A low-density data center can have a peak power consumption
of 800 W/m? (75 W/sq.ft.), whereas a high-density data center can reach 1.6 KW /m?
(150 W /sq.ft.) [29, 56, 68]. These values are much higher than residential loads, where the

peak power consumption is about a few watt per squared meter [42, 46].

We consider the case of a deregulated electricity market. In a deregulated electricity
market, the price of electricity changes over time and over different areas [3]. In the U.S.,
two electricity markets can be used to purchase electricity: the day-ahead and the real-
time market. Electricity price varies over time and over different areas in both markets
and typically, electricity price oscillates much more in the real-time market than in the
day-ahead market. Figure 6.1 shows an example of real-time and day-ahead costs of the
electricity for the north-east area of U.S.! A feasible approach to reduce the variability
of the electricity cost and also, to tackle critical situations such as network failure, is to
require to some costumers of the power-grid to cap their power consumptions upon request

from the grid. Such a technique, already applied by some independent system operators

!Data from PJM http://www.pjm.com/ .

104


http://www.pjm.com/

(ISOs), is called demand response program (DRP).?

Data centers may take advantage of DRPs. For example, a data center can receive
electrical energy at a discounted price for participating into a DRP and, when required by
the power-grid, it caps its power consumption below a given threshold. We focus on the
more flexible case, where a data center can choose whether to cap its power consumption
or not. If the data center does not cap its power consumption it pays a penalty to the
power-grid operators. The choice between capping its power consumption, or paying a fee
to the grid, depends on what is more profitable for the data center. If the data center
caps its power consumption, then it may have to drop jobs or to process them with a low
QoS which may induce a monetary loss. For example, an increase of 100 ms on the time
to complete a user search requests induces a 1% of sales loss to Amazon, [17]. If the data
center does not cap its power consumption, then it has to pay a fee to the power-grid,
which may overshadow the revenue obtained by executing user requests with high QoS.

We formulate this problem assuming that, in order to minimize the operating cost, a
data center level controller can leverage over two service level agreements (SLAs): SLAy
with the data center users and SLA with the grid. SLAy sets the income for the data
center when it executes the required workload with a certain quality of service (QoS),
e.g., within a certain delay. If the QoS exceeds a certain threshold, then the income is
negative. SLAg sets the cost of electricity at over time and for different levels of power
consumption. As long as the power consumption is lower than a time-varying threshold,
the electricity price is kept at a reduced value. When the data center power consumption
exceeds the given threshold, then the additional electricity is provided at a much higher
price. To maximize the profit, a data center controller has to predict the future power
consumption of the data center and decide if it is more profitable to drop or to delay the
execution of jobs, or to buy energy at a high price and process all of the jobs with a high
QoS. Additional details about the results presented in this section can be found in [50].

2http://pjm.com/markets-and-operations/demand-response.aspx
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Aside from the cost of powering the data center and from the revenue obtained by
executing jobs with a certain QoS, we also consider the cost of migrating jobs from one
zone to another. The additional component of the cost function is added to reduce the
amount of jobs migrated among the zones. The three components considered in the data
center cost function are:

e cost of powering the data center, regulated by SLAg;
e revenue induced by executing jobs with a certain QoS, regulated by SLA;

e cost of migrating jobs from one zone to another.

6.2 Data center operating cost

In the following subsections we define the cost function that the coordinated and the un-
coordinated controller aims at minimizing. We prefer to consider the negative value of the

revenue induced by executing jobs with a certain QoS and hence, we formulate the cost of

QoS.

6.2.1 Cost of powering the data center.

Let p(k) be the threshold which allows the data center to buy electricity at a reduced price
and let p(k) be the total average data center power consumption during the &' interval.
The data center buys electricity at the reduced cost a.(k) as long as p(k) < p(k). The
energy exceeding p(k) is paid at the higher cost 5(k). The fee that the data center pays to
the power-grid is included in the higher cost of the electricity price. Let c.(k) be the cost

of powering the data center during the k™ interval. We can write

ce(k) = (6.1)
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6.2.2 Revenue induced by executing jobs with a certain QoS.

To formulate SLA¢, we consider the approach discussed in the work of Zhu et al. [81]. Let
CZ’* be the desired ratio between the total number of jobs in class j that are in the i zone
during the k' interval and, the rate at which jobs are executed. The revenue obtained by

executing jobs in class j at the i"® zone can be written as
pl (k) = (N (k) + (k)] (6.2)

We rotate the terms in (6.2) so that we can reason in terms of cost of QoS. The total QoS

cost obtained in the data center is

caus(K) = 30 3 (k) + N (k) = pl(R)). (6.3)

=1 i=1

6.2.3 Cost of migrating jobs.

In order to favorite control actions that reduce the amount of migrating jobs and also, to

reduce the number of dropped jobs, we consider the following cost

css () iz (i () = st k), (6.4)

=1 j=1 h=1
where the coefficients {c ;} are used for scaling purposes.

6.2.4 Data center cost function.

The expected total cost at time v given the estimation at time k is

J(V|k) = cgCqos(V|k) + Ce(V]k) + cs,5Cs5(V|E). (6.5)
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The cost function (6.5) represents the opposite in sign of the performance metric we want

to maximize in the data center. We call it the total data center cost.

The coordinated controller is able to perfectly represent the data center cost function
in its optimization problem, i.e., the cost function used in the optimization problem of the
coordinated controller is identical to the cost function discussed in (6.5). This, however,
is not true for the uncoordinated controller. The uncoordinated controller is unable to
predict the future total data center power consumption and hence, it cannot represent
exactly the cost of powering the data center as represented in (6.5). The following notes
discuss how the coordinated and the uncoordinated controller represent the desired cost

function in their optimization problems.

6.3 Formulation of the uncoordinated and coordinated optimiza-

tion problems

This section discusses the formulation of the uncoordinated of the coordinated optimization
problems. With respect to the optimization problems discussed in the previous chapter, in

this case we consider different cost functions and operating constraints.

Coordinated controller. At the beginning of every control interval, the coordinated
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controller solves the following optimization problem

s.t.

T+k
min E J(v|k)
MSDTref

forallv==~F,....,k+T
computational network dynamics
thermal network dynamics
control constraints
A (VIE) = Auit(v]F)
(k[k) = 1(k),
Tu(v + 1]k) <

~

Thor < Tref(u|k:)
out (k[k) = Tou (k).

(6.6)

The objective function used in the coordinated controllers is identical to the run-time data

center function cost defined in (6.5).

Uncoordinated controller. At every time k the uncoordinated controller solves two

optimization problems. In the first step, the uncoordinated controller chooses a control

action that minimizes the sum of the expected QoS cost, the server powering cost, and the

cost, of the chosen control action

s.t.

T+k

mln Z Jua(v|k)

foralv==~k, ... k+T
computational network dynamics

control constraints
Py (v[k) = Aan(v]k)
U(k|k) = L(k),
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where

N
Jui(V)k) = coégos(V|k) 4 Cs.5655(V|E) + die(v]k) Z (v|k). (6.8)

In (6.8), the cost of powering the data center is approximated by a.(v|k) S, pi(v|k),
i.e., the first optimization problem used by the uncoordinated controller only considers the
discounted electricity cost.

In the second step, the uncoordinated controller, based on the solution obtained at the
first step, solves the following optimization problem to select the best sequence of vectors
{Tes(h|k)} that minimizes the expected cost of powering the CRAC nodes and that also

enforces the thermal constraints

T+k N+C
winYavt) 3 sk
R i=N+1

s.t.
foralv==~F,....,k+T
thermal network dynamics
Tn(v + 1)k) < Ty
T]'ref < Troi(v|k) < Tor
ut(K|k) = Toue (k).

/\

6.4 Parameters used in the simulations

The uncoordinated controller cannot compute the expected cost of powering the data center
and hence it cannot leverage on SLAg. In order to create a fair comparison between the
actions chosen by the coordinated controller and the actions chosen by the uncoordinated
controller, we consider a high cost of dropping jobs. In this case, the two algorithms are
forced to processes almost every incoming job. In the simulation, the ratio between the
number of dropped jobs and the number of jobs arrived at the data center during a control
actions was less than 6.8-107° for both of the controllers and no jobs were lost due to the

migration actions. Two job classes are considered in the simulation. Job arrivals are subject
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Figure 6.2: Job arrival rates at the data center.
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Figure 6.3: Electricity cost over time.

to a random noise uniformly distributed having zero mean and a variance proportional to
the mean arrival rate. Job arrival rate at the data center is shown in Fig. 6.2. Job arrival
rates represent a scaled version of the request rate arrived to an EPA server on Aug. 30"
1995.3 The arrival rate values are scaled so that the peak arrival rate induce an average
data center utilization of about 0.7. The cost of electricity over time is shown in Fig. 6.3.

The time-step for the simulation is 30 s and the controller closes the loop every 10 min.
The optimization problem is formulated using a horizon of 6 steps (one hour).

3Source: The Internet Traffic Archive http://ita.ee.1lbl.gov/ .
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6.5 Comparison of the coordinated and the uncoordinated con-

trol strategy

Figure 6.4 shows the total data center power consumption obtained by the coordinated
and by the uncoordinated controller. The power threshold value p(k) is also shown in
Fig. 6.4. The relative ratio between cost of powering the data center for the uncoordinated
and the coordinated controller is shown in Fig. 6.5. The relative ratio between the power

consumption of the data center when the two controllers are used is also shown in Fig. 6.5.
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Figure 6.6: Average reference temperature.

Both controllers keep, on the average, the optimal ratio between the amount of hardware
resources allocated and the amount of hardware resources required. The oscillations around
the mean value had a standard deviation of 0.05. We expect that lower level controllers,

not implemented in this simulation, can reduce the oscillation around the optimal value.

Figure 6.6 shows the average CRAC reference temperature for the coordinated and
the uncoordinated controller case. Both controllers over-cool the servers just before the
variation of the electricity cost at time 5 hr and they are able to reduce almost to zero the
usage of CRAC unit for the following 30 min. Figure 6.7 shows the total power consumption
of server and of the CRAC nodes obtained by the coordinated and the uncoordinated
controllers. The coordinated controller, even though it obtains slightly higher values for
the total server power consumption, is able to maintain a higher level of cooling efficiency.
Therefore, it is able to largely reduce the power consumption of the CRAC units with
respect to the uncoordinated controller. From Fig. 6.6 and 6.7 it can also be observed how
the actions of the two controllers lead to the same server and CRAC power consumption
as well as to the same average reference temperatures until the average arrival rate is lower
than a certain threshold, e.g., just before time 10 hr and a little before time 20 hr. As

discussed in the previous chapter, this particular behavior shows that the uncoordinated
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Figure 6.7: Power consumption values of server nodes and CRAC nodes.

policy is as optimal as the coordinated policy long as the average value of the arrival rate

is reduced.

6.6 Comparison of two different coordinated control strategies

We consider now the case of two coordinated controllers. The first controller uses the
same cost function discussed in the previous section. The first and the second coordinated
controller consider the same kind of cost function, i.e., a combination of powering cost, of
QoS cost, and of job migrating cost. However, the parameters used in the cost function of

the second coordinated controller make it more favorable the drop of jobs.

Figure 6.8 shows the total data center power consumption when two coordinated con-
trollers are used. The actions of the two controllers are different only when the cost of the
current is over a certain value. Figure 6.9 shows the average percentage of jobs dropped
over the time by the two controllers. We note that the second coordinated controller starts
to drop jobs when the total power consumption of the data center exceeds the time-varying
threshold. When the threshold value is so low that the data center cannot reduce its power
consumption without incurring in a very high cost of QoS, it suddenly increases its power

consumption and processes jobs at the maximum allowed rate. This behavior can be seen
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Figure 6.9: Relative percentage of dropped jobs.

in Fig. 6.8 around the 16 hr time.

The sudden increase in the total power consumption can lead to network imbalances
and can generate large oscillations on the electricity price. Furthermore, the decision to
cap the data center power consumption depends on both the electricity cost and on the
predicted job arrival rate. This latter value is unknown to the power-grid and hence, the
power-grid is unable to predict if and in which measure the data center will decide to cap

its power consumption.
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6.7 Summary

This chapter discusses a possible interaction between a data center and the power-grid. The
high power consumption density of data centers motivates the study of possible interactions
between data centers and the power-grid.

This chapter shows that data centers can take advantage of service level agreements
(SLAs) with the power grid, but, depending on the formulation of the SLA, a data center
may destabilize the power grid, rather than reducing the fluctuation of energy demand.
Moreover, the chapter discusses how an uncoordinated controller can take advantage of a
time-varying electricity price, even though it is unable to include the SLA with the power

grid in the formulation of its optimization problem.
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Chapter 7

Results on zone-level control strategies

The previous chapters assume that the zone level controllers are able to manage their
zones so that the overall power consumption of every zone is proportional to the rate at
which jobs are executed. Specifically, this implies that the zone level controllers turn off
the unused servers of their zone. In this chapter we study when such an assumption is
reasonable. We are interested in the analysis of the relationship between the variability
of the job arrival rate and the time required to turn servers on. Results presented in this
section are further discussed in the work of Aghajani et al. [2].

In this chapter, the goal of the proposed zone-level controller is the minimization of
the power consumption of the zone. The QoS is given by the delay that a job arriving at
the zone at the beginning of the &' interval can expect. Bounding the maximum delay is
equivalent to bound the minimum admissible QoS. For the sake of an uncluttered notation,
we consider the case where all jobs belong to the same class, i.e., J = 1 and every server
processes one job per sampling time.

The chapter is divided as follows. The following section discusses the model used by the
proposed zone-level controller to predict the power consumption of the servers. Section 7.2
discusses the computational dynamics of the zone. Section 7.3 discusses the model used by
the zone controller to predict the expected delay observer by jobs. Section 7.4 formulates

the zone-level control algorithm. Section 7.5 discusses the stochastic model used to generate
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Figure 7.1: Graphical representation of the states and allowed transitions among states.
In brackets we show the chosen order for the states.

time-varying job arrival rates. Section 7.6 discusses the simulation results obtained in this

chapter. Finally, Sec. 7.7 summarizes the results obtained in this chapter.

7.1 Model of the server power consumption

Servers are modeled as a couple of computational and thermal nodes. However, the model
used in this section focuses on the power consumption of the servers and it neglects their
thermal evolution. With N we denote the number of servers in the zone. Servers have
three states: ON, OFF, and TURNING-ON. Figure 7.1 shows the allowed transitions among
the server states and the order chosen for the set of server states. The stable set of server
states is composed by the states ON, OFF. According to the notation introduced in Sec. 3.6,
we can write S, = {ON, TURNING-ON, OFF} and S,, = {ON, OFF}.

We focus on the time required to move a server from the OFF state to the ON one and
assume that all of the other transition times are negligible. Assume that the time required
to move a server from the OFF state to the ON is multiple of the controller sampling time

and let A, (s) be the zone level sampling time. For all n € {1,..., N}, we can write

T.A, ifi=1,j=2
Ca(i, J) = (7.1)
0 otherwise.

We focus on a single hardware resource of the server and therefore R = 1. When servers
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are in the OFF or in the TURNING-ON state they cannot process any jobs. When servers
are in the ON state, they process one job per sampling time. For all n € {1,...,n}, we can
write

0 if p,(k) = 1(OFF)

To(en(k)) = if p,(k) = 2(TURNING-ON) (7.2)

o

T if p,(k) = 3(ON),

\

where 7 > 0 and ¢, (k) is the state of the n'™ server during the k% interval.

Servers consume no power when they are in the OFF state. The amount of power
consumed in the TURNING-ON and in the ON states are equal. These conditions can be
observed, for example, when the idle power consumption of a server equals the peak power
consumption of the server. Also, these conditions correspond to a worst-case scenario for a
zone-level controller that attempts to make the total zone power consumption proportional
to the rate at which jobs are processed in the zone. The generic equation related to the

server power consumption discussed in (3.15), can be specified as

0 if v,(k) = 1(OFF)

Pr(k) =1 p if pn(k) = 2(TURNING-ON) (7.3)

©

if o, (k) = 3(ON).

el

Let c(k) denote the number of servers in the ON state at the beginning of the k"
interval and, let ¢;,,(k) denote the number of servers that are in the TURNING-ON state

at the beginning of the k" interval. The total power consumption of the zone is given by

P(k) = PCton(k) + Pc(k). (7.4)
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7.2 Computational dynamics of the zone

With I(k) we denote the total number of jobs in the zone at the beginning of the k" interval
and with A(k) we denote the number of jobs arriving at the zone during the &' interval.
Servers process one job per sampling time and no jobs are migrated among the servers. In

this case, the equation that governs the evolution of [(k) can be written as
I(k+1) = (k) + A(k) — min{l(k:), c(k;)}. (7.5)

The dynamic model in (7.5) corresponds to the dynamic model discussed in (4.23), where

we set the total departure rate (over discrete time) of the zone equal to min{i(k), c(k)}.

7.3 Job expected delay

Servers process exactly one job per sampling interval time. Therefore, it is possible to
model every server as a G/D/1 queue, i.e., a queue where the arrival process is described
by a generic distribution, the service time is deterministic, and only one server is available

in the queue [28].

Consider the case where the number of servers in the ON state is constant and large
enough so that every job is executed in a finite amount of time with probability 1. Assume
also that the distribution of job arrival is stationary. With ¢ we denote the number of
servers in the ON state. The whole zone can be modeled as a G/D/c queue and the
distribution of jobs in the zone is stationary and its probability generating function £(z)

(PGF) is

(A DA s
L(z) = (1 ) Y H 3 (7.6)

where A(z) is PGF of the distribution of job arrival rate, A is the expected rate at which

jobs arrive, and {z;} are the zeros of z¢ — A(z) inside the unit disk {z : |2| < 1}, [27, 28].
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From (7.6), we can derive the expected number of jobs in the zone as

z‘éc’u)zx—wfi L (77)

where we defined p £ % Given the expected number of jobs in the zone, via the Little’s

theorem, we can compute the average delay that every jobs observe

7.4 Zone control algorithm

The value of the couple (I, D) is computed under the hypothesis that the job arrival rate
is constant. In the case studied in this section however, the job arrival rate changes over
time. We denote with [(k) the expected number of jobs in the zone and with D(k) the

expected job delay when A(k) c¢(k) are used in place of A and ¢ in (7.8).

We assume that at every time k, the zone-level controller has the knowledge about the
expected rate at which jobs will arrive over the next T time steps. For example, the data
center controller can send this information to the zone-level controller. In [2] an algorithm
for the data center level controller, for predicting future job arrival rates of every zone, is
discussed. Let A(k+T7,|k) be the expected job arrival rate to the zone T} steps ahead. With
I(k + T,|k) we denote the expected number of jobs in the zone computed via (7.8), when
the job arrival rate is A(k + T, |k) and the number of servers in the ON state is é(k + T |k).
At the beginning of every control interval, the zone level controller finds the minimum
number of servers that should be in the ON state, so that the expected average delay is
lower than the given bound. With & (k + Ts|k) we denote the optimal number of servers

in the ON state computed by the zone controller at time k and with I*(k + T,|k) we denote

the optimal number of jobs in the zone computed by the zone controller at time k.
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The number of servers that should be turned on or off at time k is computed via the

following feed-back law

u(k) = {ac (é*(k: LTk — c(k)) + 4 (Z*(k k) — l(k))J , (7.9)

where a, and [ are coefficients that can be appropriately tuned and |- | is the floor operator.
In (7.9), u(k) is the switching command, i.e., the number of servers which should be turned
on or off, according to the sign of u(k). The actual number of servers that will be turned
on and off depends on the number of available servers in the zone. For example, if all of
the servers are already in the ON state and u(k) = 5, no additional servers will be turned

on.

7.5 Modeling the process of job arrival rate

In order to model the variability of the job arrival rate, we represent the process generating
the job arrivals via a discrete-time Markov Modulated Poisson Process (MMPP). The
discrete-time MMPP consists of a finite-state discrete-time Markov chain with a transition
matrix P and a set of arrival rates {\1,...,\,}. Let i be the state of the Markov chain
during the k™ time slot. Then, the distribution of jobs arriving at the zone during the same
slot has a Poisson distribution with rate A;. In the following, we study the performance of
the zone-level controller under different values of the variability of the expected job arrival
rate. The strength of the proposed model for the job arrival rate resides in the fact that
the expected time over which the job arrival rate is constant can be computed in a closed

form.

The change in the expected job arrival rate can be measured by the mean run time
T, of the Markov chain, i.e., the expected time that the Markov chain stays in the same
state before jumping to another. In order to compute T\ we first have to compute the

steady-state distribution of the Markov chain.
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Let p;(k) be the probability that the chain is in the i** state during the k™ interval.
The {p;(k)} values can be collected in the nx 1 vector p(k) £ | p(k) ... pa(k) T. Given
the knowledge of the vector p(k), the probability of the Markov chain of being in a certain
state j at the beginning of the (k + 1) interval is S~ | p;(k)P;. Using vectors, we can

write

p(k+1)" =pk)"P. (7.10)

Let us assume that the Markov chain has a stationary distribution and that it is unique.

Then, the stationary distribution can be computed as p’ = p’ P.

Assume that at the beginning of the k" interval, the chain is on the j** state. The
number of successive time steps that the Markov chain rate stays in the same state has a

geometric distribution with parameter 1 — P;;. The mean run time T} for the gt state is

1
1—-P;

Ji:

Taking the average over all of the states, we have that the mean run time T) of the Markov

chain is
nAEY pD, =Y (7.11)

where p; is the j™ element of the steady-state distribution p of the Markov chain.

As the value of T} increases, the Markov chain tends to stay more on the same state
and therefore, the variability of the job arrival rate is reduced. When T decreases, the
Markov chain tends to move from one state to another at the beginning of every interval

and therefore, the rate at which jobs arrive at the zone tends to be more unsteady.
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Figure 7.2: Markov chain rate in incoming job MMPP model.

7.6 Simulation Results

In simulation we compare the performance of the proposed zone control algorithm against
one that fixes the number of active servers. The fixed number of servers is optimal for
the long-term average job arrival rate. Figure 7.2 shows the normalized arrival rates of
the Markov chain under different states. As p tends to 1, the job arrival rate tends to
the maximum rate at which jobs can be processed, per sampling time, by the zone. The
Markov chain rate has three states corresponding to p = 0.3, p = 0.6, and p = 0.9. The
maximum allowed expected delay is 3 sampling time.

Figure 7.3 shows mean delay time obtained by the zone algorithm for different values of
the ratio of % As % increases, then servers take more time to turn on with respect to the
average time over which the job arrival rate can be expected to be constant. As % tends
to 0, then the time to turn a server on becomes negligible with respect to the variability
of the job arrival rate. As depicted in Fig. 7.3, the mean delay is successfully kept below
the threshold approximately for % < 0.5, but the algorithm fails for larger ratio values as
predicted above.

The improvement in the average power consumption provided by the dynamic algorithm
is shown in Fig. 7.4. The proposed dynamic power allocation algorithm offers the same
mean delay time with 30% less consumed average power, when the incoming rate changes
are sufficiently slower than the dynamics of the servers (% < 1). The energy consumption

decreases as the workload rate changes becomes faster and finally for very abrupt changes
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rithm comparing to optimal static algorithm for different values of % ratio. when the same

QoS level is attained.

in arrival rate, i.e., ;—i > 1, the static power allocation strategy might be preferable.

The behavior of the system can be explained by considering the energy saved when

turning off idle servers and the energy spent by starting up servers which cannot imme-

diately process jobs. When the changes on the arrival job rate are slow compared to the

server start-up time, then the saved energy is dominant so the dynamic power allocation

algorithm provides better performance than the static one. On the other hand, when the

changes on the arrival job rate are on the same scale of the server start-up time, the energy
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spent on starting up servers is dominant and this causes the performance of the dynamic

algorithm to degrade considerably compared to its static counterpart.

7.7 Summary

This chapter discusses a possible controller for the zone level. The goal of the controller
is the minimization of the total zone power consumption subject to the constraints on the
maximum expected job delay.

The results discussed in this chapter show that when the workload arrival rate changes
too quickly, then keeping servers always active is the best strategy. The meaning of “too
quickly” is related to the ratio between time required to turn servers on and the average

time over which job arrival rate can be considered constant.
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Chapter 8

Effects of model mismatches on the hierarchi-

cal control of data centers

In this chapter we study the effects of using wrong aggregate models of the zones at the data
center level. In order to maintain the problem manageable, we consider here a simplified
case where a data center controller provides set-points only about the amount of resources
that every zone should allocate to the job execution and the amount of cooling that each
CRAC unit should provide. Control of the job scheduling and of the job migration are

neglected. Results presented in this chapter are discussed with further details in [48].

Three optimal control problems are discussed. The first optimal control problem is
related to the management of the data center, without the use of aggregated models or of
a hierarchical control strategy. This optimal control problem uses a prediction horizon of
one step. We call this problem the original optimization problem. The second optimization
problem is related to the data center level control. This problem only considers the effect
of the data center controller, neglecting the effects of the zone level controllers. We call
this problem the data center optimization problem. The third optimization problem is
related to the use of both the data center and the zone level controllers. In this case,
the effects of the zone controllers, acting according to the set-points defined by the data

center controller, are considered. When the data center controller and the zone controllers
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operate together, multiple optimization problems have to be solved. We call this set of
optimization problems the hierarchical optimization problems.

The performance of the different controllers is measured via the value of the cost func-
tion they obtain. Higher values of the cost function implies lower performance. The
performance obtained by the original optimization problem provides us an upper bound
on the performance we can expect from the hierarchical control approach. Considering
the performance of the data center controller with and without the effects of zone level
controllers allows us to better understand the impact of lower level controllers in the overall
hierarchical.

This chapter is divided as follows. The following subsection discusses the simplified
data center model. Subsection 8.2 formulates the original optimization problem. Subsec-
tion 8.3 formulates the data center optimization problem and the hierarchical optimization
problems. Finally, subsection 8.4 discusses the effects of wrong model aggregation to the

performance of the data center controller and to the performance of the whole hierarchy.

8.1 Data center model

Every server is represented by a couple of computational node and thermal server node.
No environment nodes are considered. Every rack is a zone and the number of zone (racks)
is denoted with R. With S we denote the total number of racks and CRAC units, i.e.,
S = R+ C. The number of servers in the data center is V. The total number of thermal
nodes is M = N+4C'. Note however, that the data center controller only manages S = R+C'
thermal nodes. With R; we denote the set of server indexes which are located in the "
rack.

As QoS metric, we consider the average job sojourn time of the jobs.! The goal of

this section is to discuss how, under certain hypothesis, the dynamic of the data center

!The job sojourn time is defined as the difference between the time when a job arrives at a server and
the time when it leaves the data center.
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can be described by a collection of linear subsystems interacting with each other via linear
relationships. Although we discuss a computational and a thermal model of servers, in this

section the focus is on the thermal interaction among servers and CRAC units.
8.1.1 Server thermal model.

A discrete-time version of the thermal server model discussed in Sec. 4.3.1 is considered

here. The evolution of the output temperature of the i** server can be written as

Tout,z‘(k + 1) = (1 — ki)Tout,i(k> -+ kZT’m,Z(]f) + Czpz(l{?) (81)

where k; is the (discrete-time) thermal coefficient of the it server.
8.1.2 Thermal model of CRAC units.

We consider a discrete-time model for CRAC units similar to the one discussed in Sec. 4.3.2.
Under the assumption that the reference temperature is always smaller than or equal to

the input temperature of the CRAC unit, we can write

Toutivn(E+1) = (1 — kitn) Toutisn (k) + ki nTinisn (k) + kip n AT eri (k) 8.2)

AT‘ref,i (k) < Oa

where ATer;(k) = Treri(k) — Tini+n (k) is a fictitious reference signal that requires the
collocated CRAC controller to keep the supplied air temperature AT, (k) below the
CRAC inlet air temperature. The model in (8.2) is a discrete version of the model showed
in (4.3), but we used a slightly different notation here. The notation was changed to

simplify the formulation of the three control problems.
8.1.3 Heat exchange model.

According to the notation earlier introduced, the vectors Ti, . (k) and Ty g, (k) represent

the vector of the input temperatures and the vector of the output temperatures in the 7
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rack respectively. A reduced order version of the vector Ti, %, (k) and of the vector Toyir, (k)
is also considered. With T}, z, (k) we denote the reduced order version of the vector Tz, (k)
and with Toutggi (k) we denote a reduced order version of the vector Ty, (k). For example,
the two vectors can represent the measured temperatures at the bottom, middle, and top
level of the inlet and of the outlet of the i*" rack. The reduced order versions of the vectors

Tinr, (k) and Toyx, (k) can be computed via

Tout,Ri(k:) = Gout,iToutRi(k)v (84)

where the matrices G, ; and G,y ; are full row rank. The elements of the matrices Gy,
and Gy, depend on the position of the temperature sensors on the rack and on the rate
at which air flows into every server of the rack.

The input temperature constraints can now be written as

ﬂn,Ri(k) S ﬁn,Ria (85)

where TmR is the upper bound for the temperature vector of the i*" rack.
Let v be the rack index where the i*" server is located. The relationship between the
input temperature of the i** server and the output temperatures of all other servers and

CRAC units is approximated as

R

Tini(k) = Z Vi jTous,; (k) + Z Vi jTout,; (k) + Z w;‘Z:RjTout,’Rj (k), (8.6)
JERY jec 3;1
J#v

where 'QZZRJ is the vector which represents the relative global effect of the j* rack on the
i'" server. In (8.6), we approximate the effects of the output temperature of all of the

servers in the other racks with the effects of the sole reduced order output temperature
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vector of the racks. The possibility to represent the effects of the output temperature of
the servers located in other racks, with the aggregated output temperature of the rack
and, the possibility to enforce the thermal constraints only on the reduced order input

temperature vectors, are two key assumptions in this chapter.

8.1.4 Computational model of servers.

In this section we use the variables {p!(k)} to represent the relative desired job execution
rate of jobs in class j of the i*" server at time k.2 The introduction of the variables pi(k;)
allows us to simplify the notation of the three optimization problems. The desired job
execution rate of jobs in class j of the i server at time k is written as p (k) = p! (k)7

Forallie {1,...,N},j€{l,...,J} and for all k € Z
pi(k)€[0,1], > plk) <1,
j=1

The controller considered in this section approximates the average job sojourn time with
the difference, at every time k, between (k) and X (k). The idea behind the proposed
approximation stems from the analysis of the expected sojourn time in the M/M/1 queuing
systems: when the expected service rate p is larger than the expected arrival rate A, then
the expected sojourn time is given by (u— A)~! and it equals the long-run average sojourn
time of jobs in the queue. In such a case, minimizing the average sojourn time is equivalent

to maximize the difference between p and A.

Let cf”(k) be the QoS cost obtained at the " server during the k™ interval for jobs in

class 7, that is,

cl (k) = ¢l (Ni(k) — ilpl (k)), (8.7)

2The variables {p! (k)} defined in this section, are different from the variables p;(7) defined in Sec.3.3.2.
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where Cé,i is a non-negative constant. The total data center QoS cost is defined as

N

cg(k) =Y Y chi(k) = e (A(k) — diag{a}p(k)). (8.8)

i=1 j=1

where ¢} is the vector that collects the cgﬂ- coefficients and

T
= {u} 7 A 77 S 75 ¢ IR
We assume the average power consumed by a the " server during the k™ interval
follows a quadratic relationship between the power consumed by each job type and the
arrival rate for each job type
pi(k) = Az’T(k)CiPz‘(k)a (8.9)

T T
where p;(k) = pr(k) ... pg(/f)} , Ai(k) = [/\}(k’) o M) ,and Ciisa J x J

positive-definite matrix.

8.2 Formulation of the original data control problem

In order to simplify the formulation of the original data control problem, we introduce
at first a common notation for the thermal evolution of servers and CRAC units. Each
rack and each CRAC unit is represented as a subsystem of the data center. With x;(k)
we denote the state of the i subsystem and with z;(k) we denote the output of the "
subsystem. For i = 1,...,R (racks) (k) = Toug, (k) and z;(k) = Ty =, (k), whereas for
i=R+1,...,R+ C (CRACS), x;(k) = Tow(k) and z;(k) = Toui(k). The dynamics of

both servers and CRAC units can now be written as

R+C
xi(k+1) = Awi(k)+ Bi(k)ui(k) + > Bijz;(k)

12 (8.10)

zi(k) = Gix;(k),
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where for e =1,...,R

B;; = diag{kni}@[niﬁj],
T
wi(k) = p,(K)" ... pi, (R)"|

Gi - Gout,iu

and fori =R+ 1,..., R+ C, we have

B;; = kdiag{thi,}  forall j € {1,...,R},
Bz‘,j = kﬂ/]i,j for allj € {R+1,,S}7
uz(k) - ATref,i(k),

G, =1.

(8.11)

(8.12)
(8.13)
(8.14)

(8.15)

(8.16)

(8.17)
(8.18)
(8.19)
(8.20)

(8.21)

In the above equation, the matrix \iJ[Riij] is obtained by superimposing the vectors {1;?73] }.

We can observe in this new form the data center is represented by a network of subsys-

tems, where the output of every system (the variables {z;(k)} ) is an input to the other

subsystems.
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8.2.1 Cost function.

We now want to rewrite the cost function with the newly defined variables. Let c.(k)
represent the average electricity cost over the k interval. The total server electricity cost

is given by

() = (k) pill) = (k) p(k), (5:22)
where ¢, is the electricity cost and e(k) is a time-varying vector which includes also the
effects of the job arrival rate on the server power consumption.

The power consumption of a CRAC unit is in general a nonlinear function of CRAC
inlet and outlet temperatures and reflects the fact that power efficiency increases as the
outlet air temperature increases [44]. In order to force the CRAC units to keep their
outlet temperature at the highest value that does not violate the temperature constraints

of servers, we consider the following cost
o1 (k) = €1, AT, (8.23)

where c%ef <0.

The total data center operating cost can now be expressed as

cq(k) + co(k) + cn (k) = I A(k) — el diag{m} p(k) + €" (k) p(k)+

(8.24)
ct (k) AT (k).
8.2.2 Control constraints.
Constraints on each of the u;(k) variables can be written as
0<wui(k)<1, i=1,...,R, (8.25)
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17w (k) <1, i=1,...,R, (8.26)
u;(k) <0, i=R+1,....R+C. (8.27)

8.2.3 Thermal constraints.

For all © = 1,...,R, constraints on the vector of the rack inlet air temperatures can be
written as

R+C

j=1

J#i

8.2.4 The original data center control problem

Let T be the horizon over which we consider the evolution of the data center. The opti-

mization problem we want to solve is

—
=

S
min c k)u;(k + h|k
u; 0 Ll k)

s.t.

>
Il

Zi(k+h+1|k) = A;zi(k + hlk)+
Bi(k + h)u;(k + hlk)+

S5 B2k + hlk) j=0,....,T—1,i=1,...,S
7 (8.29)
2i(k + hlk) = Gizi(k + h|k) h=0,....,T—1,i=1,....S
Hia;(k + hlk) < 1, h=0,....,T—1,i=1,...,S
GV ir, (radi(k + h|k)+
R+C
Gi Y Bijzj(k+hk) <Tug, h=1,.. T i=1...5,
7

where Uy 1 = {al(k]k), o ag(k T - Hk)}.

We focus here on the case where optimization problem uses a time horizon of only one
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step. Although it may seem restrictive, optimizing only over the one step ahead prediction
can be an appropriate solution when the predictive values of future job arrival rate have a
large variability and hence the predictive cost values have weak relevance compared to the

current estimated one.

The original optimization problem is

S
min' > e, (k)i (K |b)
! i=1
s.t.
u; < u,(klk) <, i=1,...,S

8.30
Hiyui(klk) <1 (8:30)

S
FuBi(k)ti(klk) + > Fi. By (k)i (k[k) + ki(k) < Z, i=1,...,S
j=1

J#
U = {ﬁl(k\k), . ,ﬁ,g(k:|l<;)}.

The matrices F; ., Fj, and the constant vector k; are obtained by rearranging and reorder-
ing the matrices B, ; and W(g, . In [48] we provide the details about how the optimization
problem in (8.29) is transformed into the optimization problem in (8.30).

The relevant feature of the optimization problem in (8.30) is that the only part of
the " subsystem that affects all of the other subsystems is G;B;a;(k|k). Therefore, the
contribution of the i subsystem to the evolution of all of the other subsystems lives in a

space of dimension m; which is much smaller than the dimension of the it" system input.

We exploit this feature in the hierarchical control strategy.

8.3 Hierarchical control strategy

We introduce here the optimization problem solved by the data center and by the zone

controllers.
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Data center optimization problem. As we discussed in the previous subsection, a
data center can be seen as a collection of subsystems which are coupled via their outputs.
The key point is that the dimension of the output of every zone is much smaller than the
dimension of the state of the zone. The data center controller can take advantage of this
particular structure of the zone and consider a control strategy only over the dimension of

the output of the subsystems.

Assume that for every i and k, G;B;(k) is a full row rank matrix. Then, for each of
the i subsystems we define a p; X m; matrix M;(k) such that G;B;(k)M;(k) = I. The
matrices {M;(k)} represent how the data center controller expects the zone level controller

to operate. The optimization problem solved by the data center controller can be written

as
s
i=1
s.t.
w; < Mo (k|k) <, i=1,...,S (8.31)
H, M, (k)o:(k[k) < 1 i=1,....5
FiBi(k)M;(k)vi(k|k) + Fi.0(klk) + ki(k) <2 i=1,...,5,
Vi, = {v1(k|k), ..., 0s(k|k)}
T
where 0*(k|k) = | T (k|k) ... o (k|k)| - Using of the matrices {M;(k)}, the data

center controller optimizes over a reduces optimization space whose dimension equals the

dimension of the output of every subsystem.

Zone level controllers. The vector v*(k|k), solution of (8.31), is then broadcasted
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Figure 8.1: Hierarchy architecture and variables considered in the optimization problems.

to each of the i*" subsystems, which solve optimization problems having the form:

min ¢ (k)a;(k|k
min b, (k) ()

s.t.
Hiti(klk) <1 (8:32)
s
F;Bi(k)u;(k|k) + > F; ., 01(k|k) + ki(k) < Z;,
i
ﬁ:‘(klk) = Gsz(k)ﬂz(k‘k)7
where the last constraint ensures the coherence among the different optimization problems.

Figure 8.1 shows the architecture of the hierarchy and the role played by each variable.

The goal of the data center controller is to define the external behavior of the zones
and of the CRAC units. The zone level controllers then, define the local control strategy
of every zone so as to realize the external behavior required by the data center controller.

The particular hierarchy control strategy defined in this subsection has multiple properties,
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which are discussed in the following propositions.

Proposition 1. The following properties hold true:

e The minimum cost of (8.31) is always greater than or equal to the minimum cost of
(8.30).
e if (8.32) is feasible for every 7, then the sum of the minimum costs of the optimization

problem of each subsystem is grater than or equal to the minimum cost of (8.30).
e if the optimization problem (8.31) is feasible, then (8.32) is feasible for alli = 1,...,S.

e the minimum cost of the " sub-problem in (8.32) is smaller than or equal to

cl,(k)M;(k)or(k|k), where ©F(k|k) is the i*" sub-vector of the solution to (8.31).

T,

Proof. Follows by construction. O

The first two points of Prop. 1 state that the performance of the hierarchical control
approach may only attempt to be as good as the performance obtained by a controller
solving the original control problem, but it will never be better. This result was to be
expected. The third point of Prop. 1 states that the performance predicted by the data
center level controller can actually be improved by the zone level controllers. The fourth
point of Prop. 1 states that if the data center controller is able to solve its control problem,
then it is guaranteed that all of the zone level controllers will also be able to solve their
optimization problem. This point has relevant practical applications, since it implies that
the data center controller does not need to verify that every zone level controller solve its
own optimization problem. Once the data center controller has found a solution to its
optimization problem, it is guaranteed that all of the other controllers will also be able
to solve their optimization problem and therefore, a control input which enforces all of

assigned constraints can be synthesized.
Proposition 2. For all i,5 = 1,...,S, i # j, the condition v} (k|k) = G;B;(k)u;(k|k) in
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(8.32) can be replaced by
F; ., M;(k)u;(k|k) < F; .07 (k|k) (8.33)

The proof is given in App. A.8

Proposition 3. Let w;(k|k) and v;(k|k) be such that G, B;(k)w;(k|k) = v;(k|k), then there
exists a vector &; € N(G;B;(k)) such that w;(k|k) = M;(k)v;(k|k) + &;, where N(G;B;(k))
is the right null space of G;B;(k).

Proof. Define &; = a;(k|k) — M;(k)v;(k|k). Since M;(k) is the right inverse of G;B;(k) the

result follows. O

Proposition 4. Let M;(k) be a right inverse matrix of G;B;(k). The optimization problem

in (8.30) is equivalent to the following

S
P CROMAGEACHERMORY

b

s.t.

w, < Mi(k)o,(k|k) + & <, i=1,.5

H (M (R)6,( ) + &) < 1, i=1,.5

FiBi(k) M;i(k)vi(k|k) + FiBi(k)&i+ (8.34)
ZS: Fro G B My(R)os(k|k) < 2 — (k). i=1,....
i

V) = {v1(klk),...,05(k|k)}

E=A{&,... . &}

& € N(G;B;(k)), i=1,...,S.

Proof. Due to Prop. 3, any feasible point w(k|k) for (8.30) can be written as a feasible
point [0(k|k)}, €] for (8.34) with the same cost. Similarly for any feasible point [0 (k|k), €]

exists a feasible point w(k|k) for (8.30) which leads to the same cost. O
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The meaning of Prop. 4 is that it always exists a way to consider the aggregated effects
of zone level controllers, such that the overall hierarchical control approach is as optimal
as solving the original optimization problem. The problem is how to verify if the chosen
collection of matrices { M;(k)} is optimal.

Let M} (k) be the set of right inverse matrices of {G;B;(k)} such that when M;(k) €
Mi(k) for i = 1,...,S the minimum cost of (8.31) equals the minimum of (8.32). In
general, given a choice of matrices {M;(k)}, i = 1,...,S, we cannot test whether or not
M;(k) € M (k) for i = 1,...,S. However, a partial characterization of the set M (k) is
possible through Prop. 1: if the minimum cost of (8.31) is strictly greater than the sum
of the minimum costs obtained for each of the (8.32) problems, then at least one of the
chosen {M;(k)} matrix does not belong to the set M} (k). A good selection of {M;(k)}
matrices is the one for which the minimum cost of (8.31) equals the sum of the minimum
costs of (8.32).

We want now to study the effects of a wrong selection of a wrong set of matrices {M;(k)}
on the hierarchy performance. The following subsection discusses the performance of the
data center controller and, the performance of the whole hierarchy when a wrong selection

of the matrices {M;(k)} is made.

8.4 [Effects of a wrong selection of the {);(k)} matrices

Consider a data center composed by 6 racks, each having 42 servers and 3 CRAC units.
Racks and CRAC units are placed as in Fig. 8.2. Servers are identical each others and
CRAC units are also identical each others. Servers have a weak thermal interaction among
them and a strong thermal interaction with the CRAC units. Jobs are divided among 6
classes, and arrivals are evenly distributed among servers, so that X/ (k) = )\52(/6) for all
11,79 = 1,...,252 and j = 1,...,6. We define this setup as the nominal model. For the
nominal model, the optimal selection of matrices {M;(k)} is known.

The plots in Fig. 8.3 are: the relative difference between the cost computed by the
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Figure 8.2: Data center layout.
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Figure 8.3: Relative cost increase for different values of the coefficient of perturbation.

data center controller and the cost of a controller solving (8.30) (Coord, in the figure), the
relative difference between the sum of the cost obtained by the whole hierarchy solving
(8.30) (Reg, in the figure). In Fig. 8.3 we also show the cost obtained by whole hierarchy
when zone level controller solves optimization problem with weakened constraints discussed

in Prop. 2 (Reg,,, in figure). Every point in the graph represent the average value over

value is computed over 500 different simulations.
As the value of the coefficient of perturbation increases, the relative difference between
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the minimum cost found by the coordinator and the one computed by a controller solving
(8.30) increases. When the sum of the costs is obtained by the local regulators instead,
their optimal solutions induce a cost function increase of about 10%.

Our simulations suggest that the approach may be effective, but several research direc-
tions should be pursued to fully evaluate the approach and to extend it to more general
situations. When the arrivals are quite predictable, it will be useful to be able to optimize

the economic parameters over a long temporal horizon.

8.5 Summary

This chapter discusses the performance loss of a hierarchical control system, when the data
center controller use wrong aggregated model of the zones. The analysis is performed over
a simplified data center case, so that the optimal control law of the data center controller
can be synthesized without using aggregated models.

The results discussed in this chapter suggest that the effects of a model mismatches can
be mitigated by the zone-level controllers. The relevant assumption made in this chapter

is that the zones are thermally coupled only via the average temperature of their servers.
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Chapter 9

Conclusion and future work

This chapter summarizes the results obtained and the contributions made in this disser-
tation and suggests several directions for future research. This dissertation considers data
centers as CPSs, with a focus on run-time management and operating costs. A model-
ing framework is proposed in order to explicitly capture the cyber-physical nature of data
centers. The framework facilitates the development of models that represent both the com-
putational and the thermal characteristics of a data center, as well as their interactions.
The proposed control strategy, based on a hierarchical/distributed approach, attempts to

manage both the computational and the thermal characteristics of a data center.
The main results obtained in the dissertation can be summarized in the following points

e Every data center has operating regimes for which the baseline and the uncoordinated

controllers are as optimal as the coordinated controller.

e There are cases, for which the uncoordinated control strategy is as optimal as the
coordinated one, independently from the operating regime. An index is proposed
in order to characterize how much savings can be obtained by using a coordinated

controller with respect to an uncoordinated controller.

e Data centers can take advantage of service level agreements (SLAs) with the power

grid. It is possible however, that a data center destabilizes the power grid rather
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than reducing the fluctuation of energy demand.

e Turning off servers is the usual approach considered to make the power consumption
of a group of servers proportional to the amount of workload they process. We show
that if the workload arrival rate changes too quickly, then keeping servers always on
is the best strategy. The meaning of “too quickly” is related to the ratio between
time required to turn servers on and the average time over which job arrival rate can

be considered constant.

e The use of aggregated model at the data center level reduces the performance of the
overall control strategies. However, under certain assumptions, typically verified in
a data center, the overall control performance is still within few percentage of the

optimal one obtained without the use of aggregated models.

9.1 Contributions

This dissertation makes the following contributions in the area of data center control:

¢ A framework for the development of cyber-physical models of data centers.
We believe that data center control algorithms can take advantage of a cyber-physical
representation of a data center. The proposed modeling framework explicitly captures
the cyber-physical nature of data centers by means of two interacting networks.
One network, called computational network, describes the process of data exchange
within the data center and between the data center and the external users. The
other network, called thermal network, describes the energy exchange within the
data center and between the data center and the external environment. The coupling

between the two networks yields the cyber-physical representation of the data center.

The proposed framework is sufficient to the scope of this dissertation. However, we
recognize that there may be cases which do not easily fit into the proposed framework.

For example, the representation of software licenses, data storage, and human-in-the-
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loop issues may benefit from an increase in the descriptive capabilities of the modeling

framework.

A collection of control-oriented models. Multiple models are proposed in the
dissertation. The models describe different elements of the data center with different
level of accuracy and for different purposes. Large part of the dissertation is focused
on the modeling of servers and CRAC units. Under mild assumptions, the disser-
tation shows that data centers are large-scale systems whose evolution is driven by

stochastic processes such as the the job arrival and the job departure.

A control approach. The hierarchical/distributed control strategy proposed in
this dissertation takes advantage of the modularity typically found in data centers.
The proposed hierarchy is composed by three control levels. The highest level of
the hierarchy deals with processes having dynamics of the order of tens of minutes
or more. As we descend the hierarchy, the time scale of the controlled processes
increases. The highest level of the hierarchy is called data center level and it is the
main subject of this dissertation. A single controller operates at the data center
level and it directs the lower level controllers. The goal of lower level controllers is
to minimize the effects of variations of disturbances around their predicted average

values.

Three controllers are proposed for the data center level: baseline, uncoordinated, and
coordinated. The three controllers take advantage of a unified thermal-computational
models of the data center in different ways. The baseline controller operates in open-
loop. The uncoordinated controller manages the nodes of the computational and
of the thermal networks as if their evolutions were decoupled. The coordinated
controller manages the nodes of the computational and of the thermal networks
considering their couping.

A cyber-physical index (CPI) is proposed in the dissertation. The index aims at
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9.2

characterizing how much savings can be obtained by using a coordinated controller

with respect to an uncoordinated controller.

A collection of MATLAB routines to simulate the behavior of data cen-
ters. The collection of MATLAB routines are used throughout the dissertation to
simulate the behavior of the data center under a variety of scenarios and with dif-
ferent controllers. The simulator is developed following a modular approach, so that
it can be extended to represent cases not tackled in this dissertation. Functions and
variables have meaningful names so that they can be easily maintained by multiple
users. In order to reduce the time required to execute a simulation, the functions

avoid the use of loops as much as possible.

Future work

There are multiple possible research directions in the future.

¢ Model validation. Validation of the proposed models is surely one of the most im-

portant research direction to pursue. In this dissertation, multiple models have been
proposed, but only few of them have been validated against real data. Furthermore,
even those models that we already validated, require to be tested against a larger set
of cases. Multiple server architecture have to be tested in order to understand which
server power consumption model is effective in which case. We do not expect that
a single model will fit every case, but rather that a collection of data center models

will have to be identified along with the cases to which they are applicable to.
Toward this goal, the collection of data in multiple data centers is essential.

Data collection. Collecting data in data centers is not a trivial task. Not only
temperature and humidity of the air have to be measured, but also the statistics about
the use of hardware resources, power consumption of servers, speed at which fans

rotate, and the number and the type of user requests per second. In a medium-size

148



data center, this can require the collection of thousand of samples at the beginning
of every sampling time. The number of samples is not the only problem related
to data collection in data centers. The accuracy of the sensors used for collecting
data and the time-constant of the sensors are also relevant. Data collected with the
temperature probes used at the data center observatory (DCO) at Carnegie Mellon
University (CMU), show that the time constant of the probes is about 50 s.! Such a
time constant is too large to measure the dynamic evolutions of the air at the outlet

and at the inlet of the servers.

Data storage and retrieval with such a large pool of data is a challenging problem.
Sensor Andrew, a research project developed at Carnegie Mellon University, can be
used to to collect, store, and distribute the massive amount of data collected in the

DCO among the users.?

e Management of data storage. Extension of the control algorithm in order to
manage the data allocation is also an interesting research direction. A large body of
research has been working on the development of storage algorithms for distributed
data storage [18, 22, 34, 55, 64, 65]. This dissertation considers the problem of data
allocation as if it could be solved independently from the management of the workload
scheduling and migration among the servers. Including data storage strategies into
the data center control algorithms may increase the possibility to turn off unused

servers, while guaranteeing data availability and data redundancy.

¢ Further development of the simulator. Extending the data center simulator
developed in this dissertation is also an interesting research direction. The develop-
ment of data center simulator, which can be used by the research community, would
allow the comparison of different control algorithms under the same test cases. Even
though the accuracy of the simulations might not be adequate for every purposes, the

!The temperature probes used are APC NetBotz TS100 external temperature sensors, www.apc.com .
’http://sensor.andrew.cmu.edu .
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possibility to study how different control algorithms behave under the same scenar-
ios, overwhelms the inaccuracies generated by testing the controllers in simulation,

rather than in a real environment.
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Appendix

A.1 Notable properties of the matrices I'(7) and ¥(7)

Let f;(7) (Kg/s) be the rate at which air moves through the it device at time 7. According
to the recirculation model discussed in the work of Tang et al. [70], f;(7) is the result of
the composition of M airflows, each coming from a different device. For all 7 € R and for

alli e {1,..., M}, we have
M
fi(m) =) yisfi(7). (A1)
j=1

and we assume that every airflow is strictly greater than 0. For all j € {1,..., M}, we

have

Z%J (1) = 1. (A.2)

Using the airflow vector f(7) and the matrix I'(7) defined in Sec. 3.3.1, (A.1) and (A.2)
can be rewritten as

f(r) =T (n)f(1), (A.3)
17T (7) =17, (A.4)

where 1 is the column vector of appropriate dimension, whose elements are all 1. The
matrix I'(7) is a left stochastic matrix and hence, it has a nonnegative vector x(7) asso-
ciated with the eigenvalue 1. Furthermore for the Perron-Frobenius theorem, if all of the

elements of the matrix I'(7) are strictly positive, then the eigenvector associated with the
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eigenvalue 1 is unique and can be obtained by

lim [P(T)k] , (A.5)

k—o00 7,5
where [F(T)ij is the elements in the (4, j) position of the matrix I'(7)*.
For all 4,5 € {1,..., M} and 7 € R we define the coefficients

%méﬁ%yz (A6)

Since for all 4, j € {1,..., M}, the variabels {f;(7)} and {v; ;(7)} are nonnegative, we have

that all of the variables {¢; ;j(7)} are nonnegative.

Proposition 5. For alli e {1,..., M}

Z%(T) =1 (A7)
Proof.
. e () i)
;wlj(T) - ; fz(T) - 1(7_) - 1

The last equality follows from the assumption that all of the airflows are strictly greater

than 0. O

It easy to verify that all of the variables {¢;;(7)} are bounded in the interval [0, 1].
We can conclude that the matrix W(7) is right stochastic. This implies that, at any time
7 the value of the i'* element of the input temperature vector (T},(7)) is obtained via
convex linear combination of all the elements of the output temperature vector (Top,u(7)).
Therefore, the input temperature of the i thermal node is never greater than the maximum
output temperature of any other thermal node and also, the input temperature of the i**

thermal node is never be smaller than the minimum output temperature of any other

158



thermal node.

A.2 Thermal serve nodes, analysis at the equilibrium point

Consider the thermal server node model introduced Sec. 4.3.1. The model for the it"

thermal server node can be written as

Tout,i(T) - _kiTout,i(T) + ki,-rin,z'<7—) + Cipi(T)u (AS)

1
ki

where = is the time constant of the temperature of i* node and c; is the coefficient that
maps power consumption into output temperature variation. Assume that k; > 0 and
consider the system at its equilibrium point. The output temperature of the i’* server can
be written as

G

Tout,i - 7ﬂin,i + k_pla (AQ)

where we removed the dependency from the time variable.
At the equilibrium, the rate at which energy flows into the system equals the rate at
which energy flows out from the system. The rate at which energy flows into the i*" thermal

server node is

QI,@' = cpfiT’in,i =+ pi,

where the first addendum represents the heat transported by the air and the second ad-
dendum represents the electrical contribution. The rate at which energy flows out from

the " thermal server node is

. C;
Qo,i = cpfiTout,; = Cpfih(Tin,i + EPz’);

where the second equality is due to (A.9). Since Q 1 = Qo.i, we can conclude

(A.10)



A.3 Relationship between inlet, outlet, and CPU temperature
of a single core server

In this section we discuss a server model which considers the temperature of the air the
inlet of the server, the temperature of the CPU, and the temperature of the air at the
outlet of the server.

Without loss of generality, we focus on the case where a server has a single CPU. With
Tini(T) we denote the temperature of the air at the inlet of the i’ server at time 7, with
Touti(T) we denote the temperature of the air at the outlet of the server at time 7, with
Tepui(T) we denote the temperature of the CPU at time 7, and with p;(7) we denote the
power consumption of the server at time 7. We focus on the case where the majority of
the power consumption of the server is due to the CPU and we approximate the power
consumption of the CPU with the power consumption of the server.

As discussed in the work of Wang et al. [79], the rate at which heat transfer from
the CPU to the air depends on the thermal resistance of the CPU, which we denote with

Repui(T) (K's / J). The rate at which the CPU exchanges heat with the air is

Tcpu,i<7—> - 71in,i (T)
Repu,i(T)

Ql(T) = (A.11)

The relationship between the thermal resistance and the speed of the airflow can be written

as
R ‘(T)—&—FC (A.12)
CPU,Z - fi(T)nR 4, .
where C3 (KKg™#/ (J s"#71)) and Cy (£2) are non-negative coefficients whose values

depend on multiple factors among which the geometry of the server, f;(7) (Kg/s) is the
rate at which air moves through the server and ng is a coefficients which depends on the
degree of turbulence of the air. The coefficient ng typically ranges in the interval [1, 2].

The variation of the temperature of the CPU is proportional to the difference between
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the amount of electrical power consumed by the CPU, i.e., p;(7), and the rate at which

the CPU exchange heat with the air, i.e., Q;(7). We can write

Cchpu,i<T) = pz(T) — Qi(T), (Al?))

where C (J/K) is a non-negative coefficient. Substituting (A.11) and (A.12) in (A.13), we

obtain

fz' (T)nR 1 fi(7'>nR 1 1

T i = - —Tepu,i —Tin,i —~ Pi . A.14
CPu,l(T) Cg + C4'FZ‘(T)”R Cl pu, (7—) + 03 + C4'Fi(7')nR Cl ) (7—) + Cl p (7—) ( )

Eq. (A.11) shows the rate at which heat is transferred from the CPU to the airflow.

The rate at which heat is transferred to the air at the outlet of the server is

Qout(T) = Qin(7) + Qs (A.15)

where Q;,(7) (J/s) is the rate at which heat enters the server via the inlet air. Let ¢, be

the specific heat of the air at constant pressure. We can write

Cpfi(T)Toutﬂ'(T) = cpfi(T)T'in,i(T> + Qz (A16)

Considering (A.11) and (A.12), we can rewrite (A.16) as

fi(T)nR_l 1
out,Z(T> |: Cp Cg + C4fz (T)nR
fi(r) et 1

Tc u,i :
{ Cp Cs + C4fi(7')nR} . o

] Tini(T) + (A.17)
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The thermal evolution of a server having a single CPU can then be written as

( . fi(T)nR 1 fi(T)nR 1
T - _ 7 7
1
api(T )
(A.18)
'Fi (T)nR_l 1

{fi(r)"R‘Ip 1

Tooui(T).
Cp 03_'_041:@.(7-)@] erni(7)

Remarks:

e The state of the system is the temperature of the CPU, i.e., Tip (7).

¢ The system is stable since %é > 0 for all fi(7) > 0.

e The inputs of the system are the temperature of the air at the inlet of the server
(Tini(7)), the power consumption of the server (p;(7)), and the rate at which air flows

into the server (f;(7)).

e The output of the system is the temperature of the air at the outlet of the server
Tout,i(7)~

e The temperature of the air at the inlet of the server affects without any delay the
temperature of the air at the outlet of the server, i.e., one of the input is directly
coupled with the output of the system. This is due to the fact that we neglect the

time required by the airflow to move from the inlet to the outlet of the server.

e The system is nonlinear. However, if the airflow rate is constant, then the system is

linear and time-invariant.

e at the equilibrium, the temperature of the CPU is given by

Cy + Cuf'?
Tepui = Tins + {f”—’*} Pi

%

(A.19)
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and the temperature of the air at the outlet of the server is given by

1
Tout,i = Tini + —sz‘- (A.20)

pli
e At the thermal equilibrium, the temperature of the air at the outlet of the server

equals the temperature predicted by the simplified model discussed in Sec. 4.3.1.

e The temperature of the CPU and the temperature of the air at the outlet of the

server are inversely proportional to the air speed.

e As f; tends to zero, the temperature of the CPU and the temperature of the output

tend to infinity;

e As f; tends to infinity, the temperature of the CPU tends to
Tin,i + Capi

and the temperature of the airflow at the outlet tends to Tj, ;.

At every time 7, the coefficient

fi(T)nRil 1
p 03 + 04'& (T)nR

1—
C

is positive. This implies the following bound on f;(7)

1

Cp

O3fi (T)l_nR + O4fZ(T) Z (A21)

If ng = 1 then (A.21) can be rewritten as



If ng = 2 then (A.21) leads to the following system of inequalities

0 <fi(r) < fia

max{0,f; o} <fi(7)

where
Ci + VA A 1
f’L = . s = —= — 40 C .
1,2 50, 6122 403

A.4 Estimating the server power consumption

In this section we discuss a linear model for estimating the power consumption of a server.
The results discussed in this section are obtained in a joint work with Anshul Gandhi and
Kevin Woo.

Server power consumption model. Let p(k) be the average power consumption of
a server during the k™ interval. With u;(k) we denote the relative amount of time that
the CPU spent in the i frequency during the &% interval. The model we proposed can

be written as

p(k) = po + Y avuik), (A.22)

where pc; is the constant part of the server power consumption and {«; } are the coefficients

which maps CPU utilization to server power consumption.

Servers used for the experiments. Two servers are used for the experiments: ¢cn007
and PH

e cn007 is a DELL PowerEdge 1950 1U server equipped with two Quad-Core Intel

Xeon 5355, two 300GB hard disks SEAGATE ST3300555SS spinning at 15Krpm,

and 8GB of memory at 667MHz (1.5ns) divided into 4 banks of 2GB each. Network

connectivity is provided by two Broadcom NetXtreme II BCM5708 1000Base-T (B2)

chips. The installed OS is Linux 64bit, kernel version 2.6.24 compiled against gcc
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4.2.3.

e PH is a SuperMicro X6DHR-8G2 1U server equipped with a two Intel Xeon@3GHz,
250GB four hard disks SEAGATE ST3250823AS spinning at 7200 rpm, and 2GB of
memory at 333MHz (3.0ns). Network connectivity is provided by two Intel PRO/1000
chips. The OS is a 64bit Linux kernel version 2.6.24 patched with perfmon2 support.

A collection of bash script is used to stress the use of different components of the servers,
e.g., memory, network, CPU, and hard disks. The average utilization of the components
is measured during every sample time, but only the CPU statistics are used for estimating
the total server power consumption.

The power consumption of the servers is measured via two Watts up? PRO power
meters produced by Electronic Educational Devices.> The power meters are capable of
measuring power consumption within an accuracy of 1.5 W at 210V.

Experimental results. We observed that a relatively small delay in the interval
considered for measuring the average server power consumption and the interval considered
for measuring the CPU statics, can significantly impact the power estimation error. To

counteract such a delay, we modified the model in (A.22) as follow

p(k) =pc + Z aui(k) + Z Biui(k — 1). (A.23)

After a calibration step, we obtained an estimation error of 4.03 (W) at the 90" per-
centile. Table A.1 summarizes the statistics about the estimation error. Figure A.1 shows
the estimated power consumption of ¢n007 and the measured one. Figure A.2 shows the
sampled power density function of the estimation error and Tab. A.1 shows the statics of
the estimation error.

Results obtained in these experiment are not conclusive, since we were unable to test

the power consumption of the server under a larger variety of workload cases and to test

Swww.watt supmeters.com .
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Table A.1: Estimation error statistics. Values expressed in [W].

Mean Std. deviation 90* percentile
0 3.67 4.03
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Figure A.1: Measured and estimated server power consumption.

the model power consumption for multiple servers. However, the results we obtained
suggest that the sole observation of the CPU utilization is sufficient to provide accurate
estimation of the total server power consumption. The utilization of the CPU have to
include the percentage of the time the CPU is used at different frequencies. Also, since
the measure collected by the power meter and the statistics about CPU utilization may be
unsynchronized, the model has also to account for the CPU utilization measured one step

in the past.

A.5 Invertibility of the matrix (I — ¥z z))

This section discusses the proof of the invertibility of the matrix (I — Wz z]) defined in
Sec. 4.3.4. Towards this goal, we consider a square matrix X, whose elements are bounded
in the interval [0, 1] and such that the sum of its elements along every row is lower than

1. Let us denote with N the number of rows and columns of X. With z; ; we denote the
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Figure A.2: Probability density function of the estimation error.

element in the i"* row and in the j** column of X.

Proposition 6. The absolute value of every eigenvalue of X is lower than 1.

Proof. Let us denote with D(x;;, ;) the disc centered in x;,; and whose radius is 7;, where

r; > 0. For every i € {1,...,N} we set r; = S, |z;;] = Y., 2,;, where the second
JFi j#i

Ve
equality is due to the fact that every element of X is nonnegative. The sum of the elements
of X along every row is lower than 1 and hence, r; < 1 —x;,; for all i € {1,..., N}. For

the Gershgorin theorem, we can conclude that no eigenvalue of X can have absolute value

larger than or equal to 1. O
Lemma 1. The matrix (I — X) is invertible.

Proof. The eigenvalues of (I — X) equals the eigenvalues of —X shifted by 1. Since all of
the eigenvalues of the matrix X have absolute value lower than 1, none of the eigenvalues

of (I — X) may be 0 and therefore, the matrix (I — X)) is invertible. O

To prove that the matrix (I — Wz z) is invertible, it is sufficient to note that the
matrix Wz z) enforces the assumptions about the matrix X discusses at the beginning of

the section.
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A.6 Stability of the matrix A7 4

As discussed in Sec. 4.3.4, the matrix Ay is defined as

diag{ky}
AT,ct = diag{—k} + diag{O} \I’WUCU&,NUCU&] (A-24)

diag {kgl }
Assume that
e the coefficients {k;} are positive;
* the sum along every row of the elements of matrix Wixue, aue,) is lower than 1.

Proposition 7. All of the eigenvalues of the matrix Az . are lower than 0.

Proof. Consider a change of coordinates, so that we can write

diag{ky} Uwva, Yweal Ywe
AT,ct:diag{_k}_l_ dzag{kgl} \II[EL/\/] \I][glagl] \Il[gl,C] (A25)

diag{0} Vieny Yeea Vi

The stability properties of A7 and AT,ct are the same. We define the vector

dia k./\/'
diag{kz} £ gtk
dia'g{kfl}
and the matrices
Vv Yive) Vv
Uiz z = e Uize =
YUinve] Vi) Ve a
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The matrix Ar . can now be written as

diagikz}(Vizz) — I) diagikz}¥(z ¢

AT,ct =

0 diag{—ke¢}

The matrix flgct is block diagonal and its eigenvalues are the eigenvalues of its diagonal
matrices. Since k; > 0 for ¢ € C, then the matrix diag{—k¢} has all negative eigenvalues.
We can focus on the matrix diag{kz}(¥(z z —I). From the hypothesis, the sum along any
row 7 of the elements of the matrix Wz z is lower than 1 and therefore Z;V:JEEl iy < 1,
which holds for every i € {1,..., N + E;}. For the Gershgorin theorem we can conclude
that all of the eigenvalues of diag{kz}(¥(z,z — I) are strictly negative. Therefore, the

matrix flT,ct and the matrix Ap ., have all negative eigenvalues.

A.7 Proof of the stability the equilibrium point discussed in

Sec. 4.5

We consider the case where no environment nodes are in the data center. Considering
environment nodes in the data center does not change the proof, but it makes necessary

the use of a more complex notation. Under the hypothesis discussed in Sec. 4.5, the data
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center dynamics can be written as

I(r) = A—mn(r)

Town (T Touin (T T
| o (T) — A o (7) 4B, Py (7)
Tout,C (7-) ToutC (7—) fTref
Py(T) = Aan(7) + Bgl(7) : (A.26)

Forallie N, je{l,...,J}

Joieqd
. pl i (1) >0
() = -
N it ll(r)=0

1

\

where we removed the explicit dependency over the time for those variables that are con-

stant. The matrix A7 and B7 are defined as

diag{—kn}(I — Y ay) diag{kn} ¥
diag{—kc}

Ar =

and

diag{en}
T =

diag{T et}
The equilibrium point of the data center is

(

~
I

0

N

oty = (I —Ypn)) "V Trert
(A.27)

(I = Upan) ' diag{ky} " diag{en}py

N

outC  — Tref .
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Let us define the vectors

I(7) l
w(T) = ToutN(T) ) T = Toutj\/
ToutC <T> ToutC

Since no environment nodes are considered in the data center, the vector x(7) and & can

also be written as

The vector @(7) is the state of the data center and the vector & is the equilibrium
point, whose stability properties we want to analyze. Let us denote with Dy the set of
initial points that satisfy the hypothesis discussed in Sec. 4.5. In order to prove that & is

an asymptotically stable equilibrium point of (A.26) we have to prove that

e x is an equilibrium point;
® as 7 tends to infinity and for all initial points &(0) € Dy , x(7) tends to &, ;

e given a bound for the maximum distance between x(7) and &(7), there exist a
neighborhood N(&) of &, such that for all £(0) € N(&) the distance between x(7)

and & never exceeds the given bound.

To prove that (A.27) is an equilibrium point for (A.26), it is sufficient to note that, if

x(0) = @, then &(7) = 0 for all 7 > 0.

To prove the second point we consider the solution of the the system of differential

equations in (A.26). Under the hypothesis discusses in Sec. 4.5, the system of differential
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equations in (A.26) has a unique solution, which can be written as

;

Touenr(7) Apr Touenr(0) n /T Ar(r-0p, PA(T) &t
0

= e
ToutC (7_) ToutC(O) ,I}ef

Forallie N, je{l,...,J}

) . ) (0)/
N =) +1(0) 0<7< O

1 (r) = PN (A.28)
Z 1(0) - -
0 Mj g S T
J A 1 1
pi(T) = > plr)
j=1 ,
. . o ) l?
odpd + BIE(0) = Bl(ul = M)r 0<7<
pl(7) = S
Y HO)
L 1 (A //[1‘17 - )\‘Z —_

It is easy to verify that the state variables in (A.28) tend to @. Since for all (0) € Dy,
(A.28) is the only solution of (A.26), then lim,_, . (1) — & for all (0) € D,.

We now discuss a proof for the last point. Consider a new set of coordinates such that
@ is at the origin. Let &(7) be the value of the vector (1) in the new set of coordinates.
For example, &(7) = x(7) — &. Note that, since I = 0, then I(7) = I(7). Let d(r) be the
distance between (1) and & at time 7. In the new set of coordinates, d(7) equals ||Z(7)||

and we can write

d(r) = [T + | Tout (7)]-

The maximum value of ||I(7)|| can be made arbitrarily small by an appropriate choice of
1(0). We now have to prove that also the maximum of dp(7) £ ||[Thw(7)|| can be made

arbitrarily small.
Toward this goal, we show that

* dr(7) has a maximum of finite value for some 7 > 0. We call dy such a maximum.
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e dr is Lipschitz continuous in &(0). Hence, given a bound on dp, we can always find
a neighborhood N(0) such that for all (0) € N(0), dr is smaller than the given
bound.

From (A.28), we note that all of the functions, but one, composing Ty, (7) are con-

(7)

: . Py . . .
tinuous over 7 and bounded. The function is piece-wise continuous over 7 and
CTlﬁef

. PAr (T . . .
bounded. Since N affects Tpu(7) through a convolution operation, we can still
Ijref

conclude that T (7) is continuous over 7 and bounded. This implies that also dp(7) is
continuous over 7 and bounded. Hence dr(7) has a maximum of finite value for some

7 > 0. Let dr be the maximum of dp(7) for some 7 > 0.

For all 7 > 0, Ty (7) is a continuous function of the vector (0). Therefore, Ty (7) is
a continuous function of #(0). This implies that dr is a continuous over #(0) and hence,
Lipschitz continuous in #(0). This is sufficient to prove that given a bound on dr, we can
always find a neighborhood N(0) of 0, such that for all £(0) € N(0), dr is smaller than
the given bound. This proves that 0 is a stable equilibrium point for the evolution of &(7)

and hence, Z is a stable equilibrium point for the evolution of (7).

A.8 Proof of Proposition 2 in Sec. 8.3

The following is the proof of proposition 2.

Proof. Let v(k|k)* be a solution of (8.31) and consider w(k|k) = [al (k|k),...,al(k|k)]"
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such that each sub-vector @} (k|k) belongs to the feasible set of

w; < uy(klk) <,
Hya;(k|k) <1 (A.29)
F,B;(k)t; (k|k) + Z;S;Ii Fi., 0% (k|k) + ki(k) < Z,

foralls,j=1,...,S, i # j.

Therefore, for alli =1,...,S

S
FiBi(k)a(k|k) + > Fi. G;Bjui(k|k) + ki(k) < Zi. (A.30)
i
This implies that the vector w(k|k) is a feasible point for (8.30).
We now prove that the feasible set of (8.32) is contained in the feasible set of (A.29).
Let w(k|k) = [uf (k|k),...,ud (k|k)]" such that each sub-vector u! (k|k) is a feasible point

for the " problem in (8.32). Then we have

Hea (k) < 1

S
EBi(k)ui(kl|k) + 3 Fi.,G;Bj(k)u;(k|k) < Z; — ki(k)
i

and hence, every u] (k|k) is a feasible point for (A.29). O
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